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The dynamical behavior of Kerr optical frequency combs is very well understood today from the
perspective of the semi-classical approximation. These combs are obtained by pumping an ultra-
high Q whispering-gallery mode resonator with a continuous-wave laser. The long-lifetime photons
are trapped within the torus-like eigenmodes of the resonator, where they interact nonlinearly via
the Kerr effect. In this article, we use quantum Langevin equations to provide a theoretical un-
derstanding of the non-classical behavior of these combs when pumped below and above threshold.
In the configuration where the system is under threshold, the pump field is the unique oscillating
mode inside the resonator, and triggers the phenomenon of spontaneous four-wave mixing, where
two photons from the pump are symmetrically up- and down-converted in the Fourier domain. This
phenomenon can only be understood and analyzed from a fully quantum perspective as a conse-
quence of the coupling between the field of the central (pumped) mode and the vacuum fluctuations
of the various sidemodes. We analytically calculate the power spectra of the spontaneous emission
noise, and we show that these spectra can be either single- or double peaked depending on the value
of the laser frequency, chromatic dispersion, pump power, and spectral distance between the central
mode and the sidemode of interest. We also calculate as well the overall spontaneous noise power
per sidemode, and propose simplified analytical expressions for some particular cases. In the con-
figuration where the system is pumped above threshold, we investigate the phenomena of quantum
correlations and multimode squeezed states of light that can occur in the Kerr frequency combs
originating from stimulated four-wave mixing. We show that for all stationary spatio-temporal pat-
terns, the side-modes that are symmetrical relatively to the pumped mode in the frequency domain
display quantum correlations that can lead to squeezed states of light under some optimal conditions
that are analytically determined. These quantum correlations can persist regardless the dynamical
state of the system (rolls or solitons), regardless of the spectral extension of the comb (number
sidemodes), and regardless of the dispersion regime (normal or anomalous). We also explicitly
determine the phase quadratures leading to photon entanglement, and analytically calculate their
quantum noise spectra. For both the below- and above-threshold cases, we study with particular
emphasis the two principal architectures for Kerr comb generation, namely the add-through and
add-drop configurations. It is found that regardless of the configuration, an essential parameter is
the ratio between out-coupling and total losses, which plays a key role as it directly determines the
efficiency of the detected spontaneous noise or squeezing spectra. We finally discuss the relevance
of Kerr combs for quantum information systems at optical telecommunication wavelengths, below
and above threshold.
PACS numbers: 03.65.Ud, 42.50.Dv, 42.50.Lc, 42.65.Sf
I. INTRODUCTION
Kerr optical frequency combs are sets of equidistant
spectral lines that are generated after pumping a whis-
pering gallery mode (WGM) or ring resonator with a
continuous-wave (cw) laser [1–3]. When the bulk res-
onator has both an ultra-high quality factor and a Kerr
nonlinearity, it can at the same time trap the pump
photons for a significantly long time in the torus-like
eigenmodes of the resonator, and host the nonlinear in-
teractions amongst them. When the pump power is
sufficiently low, the intra-cavity photons remain in a
single cavity-mode and their frequency essentially re-
∗Email address: yanne.chembo@femto-st.fr
mains the same as the one of the pump laser. How-
ever, above a certain threshold, these confined and long-
lifetime pump photons are transferred through four-wave
mixing (FWM) to neighboring cavity-modes, provided
that phase-matching, energy and momentum conserva-
tion conditions are fulfilled. This process can be further
cascaded and yield a frequency comb with all-to-all cou-
pling, and involving up to several hundred modes over
several THz. In comparison to optical frequency comb
generators based on femtosecond mode-locked lasers,
Kerr comb generators are fairly simple, compact, robust
and energy-efficient: they are expected to be a core pho-
tonic systems for many applications, such as integrated
photonics, metrology, aerospace and communication en-
gineering [4–15].
Beyond these potential applications, which have been a
very powerful drive, Kerr comb are also actually an ideal
ar
X
iv
:1
41
2.
57
00
v2
  [
qu
an
t-p
h]
  3
 N
ov
 20
15
2test-bench systems for fundamental physics, and partic-
ularly, for quantum optics. In fact, understanding Kerr
comb generation is strikingly simple when one considers
the photon picture and describes the process as the pho-
tonic interaction ~ωm + ~ωp → ~ωn + ~ωq, where two
input photons labelled m and p interact coherently via
the Kerr nonlinearity to yield two output photons n and
q. Without further analysis, this interpretation already
suggests that purely quantum phenomena based on the
non-classical nature of light can eventually arise in Kerr
combs.
From a theoretical point of view, it is well known to-
day that in the semi-classical limit, Kerr combs can be
described using either a set of coupled ordinary differ-
ential equations (one equation per mode [16–18]), or us-
ing a single partial differential equation (one equation
for the sum of the modes [19–21]). It is also well known
that both formalisms are in fact perfectly equivalent [20],
with the first one emphasizing the spectro-temporal dy-
namics of the system, while the second emphasizes the
spatio-temporal dynamics. It is important to note here
that these Kerr comb models are singularly accurate:
the comparison between the numerical power spectra ob-
tained using the models and the experimental ones is
excellent across a dynamical range that can be as large
as 80 dB [16, 22–24].
The spatio-temporal formalism is generally known
as the Lugiato-Lefever equation (LLE), and was in-
troduced for the first time by Lugiato and Lefever in
the context of ring resonators where the semi-classical
cavity fields where subjected to Kerr nonlinearity and
diffraction [25]. In the approximation of 1D-diffraction,
some of the key dynamical properties of this optical
system had also been derived in the same article,
such as for example the super- and sub-critical Turing
instability leading to roll patterns. The LLE used to
model Kerr combs has an essential dissimilarity with
the one initially introduced by Lugiato and Lefever:
diffraction is replaced by dispersion. This difference is
of no importance from the mathematical point of view.
However, from the physical standpoint, the difference
is significant. On the one hand, Kerr comb generation
is genuinely 1D, originates from a small bulk cavity
(from µm- to mm-size), and involves guided fields: the
system is experimentally compact, simple, low-power,
versatile, controllable, and its behavior can be described
by the LLE with high accuracy as emphasized above
despite its high dimensionality (from three to up to
several hundred modes). On the other hand, in the
initial system, the approximation of 1D diffraction is
rather poor (the 2D approximation is much better), the
fields are propagating freely, and the cavity is set up
with mirrors: the system is experimentally very complex
and the LLE is a rather simplistic model, even though
the number of interacting modes is always very limited
(rarely more that 10).
In the scientific literature, several researchers have ex-
plored the quantum properties of optical resonators with
Kerr nonlinearity when pumped under or above thresh-
old.
In the case of a resonator pumped below threshold,
the classical viewpoint assumes that the pump field is
the unique oscillating mode inside the resonator, while
all the sidemodes have zero power (hence, there is techni-
cally no comb in this case). From a quantum standpoint,
the pump field is actually at the origin of spontaneous
four-wave mixing where two pump photons are symmet-
rically up- and down-converted in the Fourier domain,
thereby leading to the simultaneous and spontaneous
generation of signal and idler photons, respectively. This
phenomenology corresponds to the photonic interaction
2~ωp → ~ωi + ~ωs, where ωp, ωi and ωs are the pump,
idler and signal angular frequencies, respectively. The
phenomenon of spontaneous FWM (which is also some-
times referred to as parametric fluorescence) can only be
understood and analyzed from a fully quantum perspec-
tive, because it results from the coupling between the
intracavity pump photons and the vacuum fluctuations
of the various sidemodes. This topic is the focus of a
very large body of literature, particularly related to the
generation of correlated pairs of entangled photons with
chip-scale and integrated ring-resonators (see for example
refs. [26–40] and references therein).
When the system is pumped above threshold, the
photonic interaction 2~ωp → ~ωi + ~ωs becomes steadily
sustained: from a classical perspective, the signal
and idler sidemodes are correlated twin beams in the
frequency domain, yielding a roll pattern in the spatial
domain. By analogy to laser theory, it is considered that
this phenomenon corresponds to stimulated four-wave
mixing [41]. In ref. [42], Lugiato and Castelli have
pioneered investigations on the quantum properties of
the paradigmatic system described in [25] when pumped
above threshold in the approximation of 1D-diffraction.
In that work, they have demonstrated that the intensity
difference exhibits fluctuations below the standard quan-
tum noise limit (QNL). This important result, which
for the first time predicted squeezing in optical systems
ruled by the LLE, was obtained in the three-mode ap-
proximation (central pumped mode and two sidemodes),
and therefore, was only valid close to the threshold
leading to the rolls in the super-critical case. Zambrini
et al. numerically showed later on that the squeezing
behavior when certain additional degrees of freedom
are accounted for is still consistent with the one of the
reduced three-mode truncation [43]. Further research
on the quantum properties of optical systems ruled by
the LLE was performed with the more realistic case of
2D-diffraction. However, in that case, the roll pattern is
unstable and instead, the simplest non-trivial solution
is an hexagonal structure which emerges through a
sub-critical bifurcation. As a consequence, the number
of modes involved in the dynamics increases significantly
because of the hexagonal structure itself (the smallest
order truncation now involves 7 modes, instead of 3 for
3the roll pattern), and because of its sub-critical nature
(the higher-order sidemodes can not be legitimately
discarded anymore, even close to threshold, so that
even the 7-modes truncation is not very accurate).
However, using that lowest-order truncation, Grynberg
and Lugiato had shown very early that these hexagons
can display four-fold mode squeezing in a lossless cavity
close to threshold [44], while Gatti and Mancini have
extended the results and shown that squeezing and
multimode entanglement persists even in the presence
of losses, and even far above threshold as long as the
7-mode truncation remains a good approximation [45].
In view of these preceding results, it could therefore be
foreshadowed that Kerr combs, which can be described
with great accuracy by the LLE in the semi-classical
limit, can display a non-classical behavior as well. In
this regard, an elegant demonstration of the theoretical
prediction of Lugiato and Castelli has been achieved
recently: in the research work reported in ref. [46],
squeezing in a Kerr comb is experimentally demon-
strated between the two-sidemodes of a 15th-order roll
pattern. Most important, this experiment is also the
very first demonstration of squeezing in Kerr optical
frequency combs, to the best of our knowledge.
From a purely technical point of view, other impor-
tant parameters to consider are the central frequency of
the comb, its spectral span, and the frequency separation
between the comb lines. Even though some works have
shown that the combs can be obtained with a pump close
to the lower and upper limits of the near-infrared range
(∼ 800 nm [47] and ∼ 2500 nm [48]), the overwhelming
majority of Kerr combs are generated today with laser
pumps around 1550 nm. Since this wavelength corre-
sponds to the well known telecom spectral window, there
is a plethora of commercial off-the-shelf optical com-
ponents (lasers, photodiodes, narrow filters, amplifiers,
phase shifters, etc.) that are available for the manipu-
lation of the photons around that wavelength, even at
the single-photon level. It is also noteworthy that many
nonlinear amorphous and crystalline materials have low
dispersion and losses in that wavelength window, and
these are two features that are of extreme importance in
Kerr comb generation.
Moreover, Kerr combs originate from stimulated FWM
which is an hyper-parametric process: hence, the fre-
quency separation between the spectral lines generally
ranges from ∼ 1 GHz to ∼ 1 THz for the Kerr combs
of interest, instead of ∼ 100 THz for parametric pro-
cesses. Hence, in Kerr combs, the photo-detected signals
fall into the microwave range where there is a very wide
variety of technological solutions for the careful handling
of low-noise signals.
For the above reasons, Kerr combs have many singular
advantages for quantum optics experiments, powered by
the possibility to manipulate the photons in the optical
frequency domain, and measure their slowly-varying
attributes (amplitude and phase) in the microwave
frequency domain. They also have the potential to
play a major role in compact or integrated quantum-
information systems at optical telecommunication
wavelengths [49–51].
Despite the aforementioned theoretical works in the
context of quantum phenomena of LLE-based systems,
and despite the promising technological opportunities
highlighted above, several critical problems remain wide
open for the understanding of the quantum properties of
spontaneous and stimulated FWM combs in WGM res-
onators.
The first topic of interest is the analysis of the spon-
taneous FWM comb spectra when the system is pumped
below threshold. Many groups have investigated exper-
imentally the main characteristics of this phenomenon,
but a coherent theoretical basis explaining the influence
of the various parameters of the system (dispersion, fre-
quency detuning, etc.) on the output spectra is still lack-
ing.
A second challenge is that in the literature, the avail-
able research results to this date only consider minimally
truncated expansions, whose validity is automatically re-
stricted to a parameter range close to threshold. How-
ever, Kerr combs are generally operated far above thresh-
old, and can be very large – up to several hundreds of
modes. They can also correspond to different kinds of
spatiotemporal patterns such as rolls (super- and sub-
critical) or solitons (bright and dark), for example. It is
therefore important to investigate in detail the quantum
correlations in the case of Kerr combs where spectrum
amplitude, size and span restrictions do not apply.
A third issue is related to the sources of quantum
noise in the system. Previous theoretical works on LLE-
based systems focused on gedanken experiments were the
unique source of losses was the semi-reflecting mirror
used to couple the light in and outside the cavity (the
intrinsic losses were null). The corresponding equations
therefore included only one vacuum fluctuation term.
However, in the case or Kerr combs, the resonators are
bulk, and then, necessarily lossy. This introduces an ex-
tra term related to vacuum fluctuations induced by these
intrinsic losses. Actually, the in- and out-coupling pro-
cesses might also be distinct (like in the add-drop config-
uration, for example), so that overall, we might have up
to three vacuum fluctuation terms, instead of just one.
In order to remain close to the experimental reality, it is
therefore necessary to understand the effect of all these
intrinsic and extrinsic vacuum fluctuations at the quan-
tum level.
The fourth open point is the explicit determination of
the quadratures that can potentially lead to multimode
squeezing. The conjugate variable of the photon num-
ber operator is the phase operator [52], so that when
the squeezing occurs for a linear combination of modal
intensities, there exists is necessarily a corresponding lin-
ear combination of correlated phase quadratures in the
system. In Kerr combs, the large number of modes and
4the complexity of the all-to-all coupling amongst them
allows for a large variety of phase-locking patterns in the
semi-classical limit: the determination of the equivalent
quantum correlations in terms of phase quadratures is
therefore of particular relevance.
Our objective is to provide answers to the four open
points highlighted above, and the article is therefore or-
ganized as follows. In the next section, we present a
brief overview of the mean-field models used to model
the dynamics of Kerr combs in the semi-classical limit.
Important physical considerations such as orders of mag-
nitudes and system architecture will be discussed in de-
tail. In Sec. III, we build the quantum models for Kerr
combs, using both the canonical quantization and the
Hamiltonian formalism. Particular emphasis will be laid
on the various sources of quantum noise that have to be
accounted for depending on the in- and out-coupling con-
figuration. The dynamics of the system below threshold
is investigated in Sec. IV, where the spontaneous FWM
spectra are explicitly calculated as a fonction of the sys-
tem’s parameters. Quantum correlations and squeezing
for the photon numbers is investigated in Sec. V, where
we will explain why the squeezing properties of the comb
are degraded as the size of the comb increases. Sec-
tion VI is devoted to the study of the quantum correla-
tions and squeezing behavior in both the amplitude and
phase quadratures, after the explicit derivation of the
relevant quantum Langevin equations. Particular em-
phasis is laid on the analysis of squeezing in rolls and
solitons (bright and dark), which are the most prevalent
spatiotemporal patterns in Kerr comb generation, and
their squeezing spectra will be investigated in Sec. VII.
We sum up our main results in the last section, which
concludes this article.
II. SEMI-CLASSICAL MODELS FOR KERR
OPTICAL FREQUENCY COMBS
We provide here a brief overview of the semi-classical
models for Kerr combs, which are useful to gain a deep
understanding of the quantum models that will be de-
veloped in the next section, and which are also needed
to introduce the key macroscopic parameters needed to
describe the system.
A. Modal expansion model
WGM resonators, as well as ring-resonators, gener-
ally have several families of longitudinal (azimuthal)
modes [53–55]. Let us consider that only one family is
involved in our case, and without loss of generality, we
also consider that it is the fundamental family (torus-like
modes). In that case, the modes of interest, which are
sometimes referred to as azimuthal, can be unambigu-
ously defined by a single integer wavenumber `, which
characterizes each member’s angular momentum. In the
case of WGM resonators, this number ` can be considered
as equal to the total number of reflections that a photon
undergoes during one round trip in the cavity (ray-optics
interpretation). Let us also consider that the eigennum-
ber of the mode that is pumped by the external laser is
`0. In the spectral neighborhood of `0, the eigenfrequen-
cies of the resonator can be expanded in a Taylor series,
following
ω` = ω`0 +
nmax∑
n=1
ζn
n!
(`− `0)n , (1)
where ω`0 is the eigenfrequency at ` = `0 and nmax is the
order of truncation for the expansion.
For a disk resonator with main radius a, the param-
eter ζ1 = c/nga = ∆ωFSR stands for the free-spectral
range (FSR), with c being the velocity of light and ng
the group-velocity refraction index at ω`0 . This inter-
modal angular frequency is, of course, linked to the
round-trip period of a photon through the resonator as
T
FSR
= 2pi/ζ1. The parameter ζ2 stands for the second-
order group-velocity dispersion of the eigenmodes (nor-
mal GVD for ζ2 < 0, and anomalous GVD when ζ2 > 0).
We recall that ζ2 is generally the sum of two contribu-
tions, namely the geometrical dispersion (normal) and
the material dispersion (normal or anomalous). The pa-
rameters ζn for n ≥ 2 stand for higher-dispersion terms
and in this study, these terms will be considered as uni-
formly null. Note that perfect equidistance for the eigen-
frequencies is achieved when ζn ≡ 0 for all n ≥ 2. More
details can be found in refs. [16, 17, 20, 56], for example.
The resonator is also characterized by its losses, which
can be internal or external. For each mode, the in-
ternal losses (bulk absorption, surface scattering, etc.)
are quantified by the linewidth ∆ωint,`. On the other
hand, the external losses ∆ωext,` are here considered to
be induced by both the in- or out-coupling processes
of the optical fields. The total losses are just defined
as the sum of the two aforementioned contributions fol-
lowing ∆ωtot,` = ∆ωint,` + ∆ωext,`. The loaded (or to-
tal) Q factor for each mode can be defined as Q−1tot,` =
Q−1int,` + Q
−1
ext,` = ∆ωtot,`/ω`, and the modal photon life-
time is τph,` = 1/∆ωtot,`.
The total electric field (in V/m) inside the cavity can
be expanded as
E(r, t) =
√
2
~ω
L
ε0n2L
∑
`
1
2
A`(t) eiω`tΥ`(r) + c.c. (2)
where t is the time, A`(t) is the complex-valued slowly-
varying amplitude of the `-th mode, Υ`(r) is the corre-
sponding spatial mode profile (units of m−
3
2 ), ε0 is the
permittivity of vacuum, n
L
is the refraction index at the
laser pump wavelength, and c.c. stands for the “complex
conjugate” of all the preceding terms [17]. It is important
to note that in Eq. (2), and the fields have been normal-
ized such that |A`|2 is equal to the number of photons in
the `-th mode.
5It has been shown in ref. [17] that the slowly varying
envelopes A` of the modes are governed by the following
system of equations:
dA`
dt
= −1
2
∆ωtot,`A` + 1
2
∆ωtot,` F` eiσtδ(`− `0) (3)
−ig0
∑
`m,`n,`p
A`mA∗`nA`pe[i(ω`m−ω`n+ω`p−ω`)t]
×Λ`m`n`p` δ(`m − `n + `p − `) ,
where δ(x) is the Kronecker delta-function that equals
1 when x = 0 and equals zero otherwise. In the above
equation, the Kronecker functions indicate that only the
mode ` = `0 is pumped, and that the allowed four-wave
mixing interactions will be those for which the total an-
gular momentum of the interacting photons is conserved,
following `m + `p = `n + `.
The four-wave mixing gain is g0 = n2c~ω2`0/n
2
0Veff ,
where ~ is Planck’s constant, n2 is the Kerr coefficient
at ` = `0, and Veff = [
∫
V
‖Υ`0(r⊥)‖4 dV ]−1 is the effec-
tive mode volume of the pumped mode. The parameter
Λ
`m`n`p
` is an intermodal coupling tensor which weights
the spatial overlap amongst the various modes. The laser
pump field is characterized by the detuning σ = ω
L
− ω`
between its angular frequency ω
L
= 2pic/λ
L
and the
resonance frequency ω`0 of the pumped mode, and by
F`0 = [4∆ωext,`0/∆ω2tot,`0 ]
1
2 [P/~ω
L
]
1
2 which stands for
the external pumping field, with ∆ωext representing in-
coupling losses only.
Equation (3) can be further simplified and rewritten in
a more convenient form, suitable for the canonical quan-
tization. The first step is to introduce the reduced eigen-
number l = ` − `0, so that the pumped mode is now
l = 0, while the various sidemodes symmetrically expand
as l = ±1,±2, . . . , with “+” and “−” standing respec-
tively for higher and lower frequency sidemodes. The
modes `m, `n and `p in the four-wave mixing sum will
now be simply replaced by their reduced counterpart as
{m,n, p} = `{m,n,p} − `0. The second step is to consider
that the spectral extension of the comb is narrow enough
to consider that the modes are quasi-degenerate in space
and frequency (Λmnpl ≡ 1), and that the modal losses are
quasi-degenerate as well, with ∆ωl ≡ ∆ωtot,0 = ∆ωtot.
The last step is to replace the fields A` ≡ Al in Eq. (3) by
A∗l exp[i(σ− 12ζ2l2)t], so that explicit time dependence is
removed in Eq. (3). From a physical viewpoint, this lat-
ter transformation corresponds to setting the frequency
reference at the laser frequency instead of the cold-cavity
resonance of the pumped mode, and to express the modal
frequencies with respect to the equidistant (FSR-spaced)
frequency grid, instead of the dispersion-detuned eigen-
frequency grid [57].
After implementing these mathematical transforma-
tions, it can be shown that the new modal fields Al obey
the following set of autonomous, nonlinear and coupled
ordinary differential equations:
A˙l = −1
2
∆ωtotAl + i
[
σ − 1
2
ζ2l
2
]
Al
+δ(l)
√
∆ωextAin
+ig0
∑
m,n,p
δ(m− n+ p− l)AmA∗nAp . (4)
where the overdot indicates the time derivative. Note
that higher-order dispersion at arbitrary order can be ac-
counted for by replacing ζ2l
2/2 by
∑nmax
n=2 ζnl
n/n! which
is obtained from Eq. (1). Without loss of generality, we
can arbitrarily consider the phase of the external pump
field as a reference and set it to zero, so that this field
becomes real-valued and can be written as
Ain ≡ Ain =
√
P
~ωL
. (5)
It is important to recall the normalization in the semi-
classical Eqs. (4) is such that |Al|2 is a number of pho-
tons (cavity fields), while |Ain|2 is a number of photons
per second (propagating fields). This normalization is
physically the most appropriate at the time to perform
the canonical quantization.
B. The two configurations under study
Two configurations are routinely used to generate Kerr
optical frequency combs, as displayed in Fig. 1. It there-
fore important to identify precisely all the loss terms as
well as the out-coupled fields in each case, because as we
will see later on, the vacuum quantum noise terms are
closely related to these losses and out-coupling configu-
rations.
In the first architecture, that we call add-through [58],
a single coupler is used to pump the cavity and to retrieve
the comb signal, which is detected at the through port.
This architecture allows for limited coupling losses (and
therefore, low threshold power for Kerr comb generation).
However, a disadvantage of this architecture is that the
output signal is a superposition of the intra-cavity and
a portion of the pump which is directly passing through
the coupling waveguide [22]. In this add-through config-
uration, the total and external linewidths in Eq. (4) can
be written as
∆ωtot ≡ ∆ωint + ∆ωext,t (6)
∆ωext ≡ ∆ωext,t , (7)
while the modal output fields obey
Aout,l =
√
∆ωext,tAl −Ainδ(l) . (8)
with ∆ωext,t standing for the coupling losses in the
through port.
6Add-drop 
coupling
Input
Output
i
d
t
Input
Add-through
coupling
i
t
Output
Input InputOutput
Output
(c)
(e)
(d)
(f)
Input
Output
Input Output
(a) (b)
FIG. 1: (Color online) The two main configurations for Kerr
comb generation with monolithic resonators, namely the add-
through (left column) and add-drop (right column) configu-
rations. Each architecture features a certain number of loss
mechanisms (quantified by their half-linewidths κt,i,d), which
are associated with vacuum fluctuations. The related quan-
tum noise contributions have to be accounted for when cal-
culating the squeezing spectra. (a) and (b): waveguide cou-
pling of integrated ring-resonators; (c) and (d): Tapered-fiber
coupling of WGM resonators; (e) and (f): Prism coupling of
WGM resonators.
In the second architecture, referred to as add-drop,
two different couplers are used to perform in- and out-
coupling tasks. The comb is therefore retrieved at the
drop port. This double-coupling has the disadvantage to
increase the overall losses (thereby increasing the thresh-
old for Kerr comb generation), but however, at the op-
posite of the precedent case, the output signal is pro-
portional to the intra-cavity field and provides an unam-
biguous representation of the physical processes that are
taking place inside the resonator. For the add-drop con-
figuration, the linewidths in Eq. (4) are explicitly defined
as
∆ωtot ≡ ∆ωint + ∆ωext,t + ∆ωext,d (9)
∆ωext ≡ ∆ωext,t , (10)
and the modal output fields simply obey
Aout,l =
√
∆ωext,dAl . (11)
where ∆ωext,d stands for the coupling losses in the drop
port [59].
In all cases, the various linewidths are related to
their corresponding quality factors by ∆ωint,ext,tot =
ω
L
/Qint,ext,tot. A technique routinely used to determine
the various quality factors at the experimental level is
the cavity-ring-down method [60].
C. Spatiotemporal formalism
Several studies on the quantum properties of self-
organized dissipative optical structures are performed on
systems that are ruled by the LLE. In the case of Kerr
combs, it has be shown in ref. [20] that the above modal
expansion model is exactly equivalent to the following
normalized LLE
∂A
∂t
= −1
2
∆ωtotA+ iσA+ ig0|A|2A
+i
ζ2
2
∂2A
∂θ2
+
√
∆ωext,tAin (12)
where A(θ, t) = ∑lAl(t)eilθ is the total intra-cavity
field and θ ∈ [−pi, pi] is the azimuthal angle along the
circumference of the resonator. Higher-order disper-
sion can be accounted for by replacing (ζ2/2)∂
2A/∂θ2
by vg
∑kmax
k=2 (iΩFSR)
k(βk/k!)∂
kA/∂θk where the disper-
sion coefficients βk = −[vg(−ΩFSR)k] ζk exactly corre-
spond to those used in fiber optics. The total number
of intracavity photons is therefore |A|2, while the out-
put field is Aout =
√
∆ωext,tA−Ain in the add-through
configuration, and Aout =
√
∆ωext,dA in the add-drop
configuration. In several theoretical studies, Eq. (12) is
further normalized to
∂ψ
∂τ
= −(1 + iα)ψ + i|ψ|2ψ − iβ
2
∂2ψ
∂θ2
+ F (13)
where ψ(θ, τ) = (2g0/∆ωtot)
1/2A is the dimension-
less intra-cavity field, and τ = ∆ωtott/2 = t/2τph
is the dimensionless time. The dimensionless parame-
ters of this normalized equation are the frequency de-
tuning α = −2σ/∆ωtot, the cavity second-order dis-
persion β = −2ζ2/∆ωtot, and the external excitation
F = (8g0∆ωext,t/∆ω
3
tot)
1/2
√
P/~ωL . In the context of
Kerr comb generation, the LLE has been extensively in-
vestigated in several articles since the pioneering works
of refs. [19–21].
In ref. [57], an exhaustive study of the various dynam-
ical regimes of the LLE has been performed, and the sta-
bility basin of the various solutions has been determined.
In the anomalous dispersion regime, the stationary so-
lutions are rolls (super- and sub-critical), bright solitons
(isolated or coexisting), and soliton molecules (isolated
or coexisting). In the case of normal dispersion, the sta-
tionary solutions can be rolls, dark solitons (isolated or
coexisting), and non-smooth dark solitons (sometimes re-
ferred to as platicons, see ref. [61]). For all these station-
ary solutions, the Kerr comb is perfectly symmetric in
the semi-classical limit, and we will see in Sec. V that
this symmetry opens the way for multimode squeezing
when quantum noise is accounted for.
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FIG. 2: (Color online) Spatiotemporal (upper row) and spectro-temporal (lower row) representation at a given time t (snapshot)
of some stationary solutions for the normalized intra-cavity field ψ(θ) =
∑
l ψle
ilθ when quantum noise is accounted for. The
spatio-temporal representation displays the intra-cavity field intensity |ψ|2 (which is proportional to the total intra-cavity
photon number) as a function of the azimuthal angle θ along the circumference of the resonator of radius a. The spectro-
temporal representation displays the corresponding stem plot for the modal intensities |ψl|2 ≡ |ψ˜(l)|2 as a function of the
reduced eigenumber l. The quantum noise has been added to the deterministic stationary solutions (flat state, rolls, ans
solitons) and in the figure, the noise intensity has been set at a much stronger intensity than realistic quantum noise for the
sake of visual clarity. The parameters of the system are defined in Sec. VI C. Note that the pumped mode is l = 0, so that the
sidemodes expand as l = ±1,±2, . . . (a) and (e): flat state (P = 1.5 mW and σ = −κ). The system is here under threshold.
The deterministic intracavity field is constant and in the spectral domain there is only one spectral line. The effect of quantum
noise is to induce a random modulation of the flat state in the spatial domain, and to generate noisy sidemodes around the
pump in the spectral domain. (b) and (f): roll pattern of order L = 20 (P = 2.5 mW and σ = −κ). There are 20 rolls in the
spatial domain, and the deterministic oscillating sidemodes in the spectral domain have a 20-FSR spacing. (c) and (g): bright
soliton (P = 3.5 mW and σ = −2κ); (d) and (h): dark soliton (P = 5.3 mW and σ = −2.5κ).
D. Orders of magnitude in experimental systems
In order to facilitate comparisons between theory and
experiments, it is important to link the normalized pa-
rameters and variables to their counterparts in SI units.
In particular, knowing the power levels involved provides
key information at the time to choose the low-noise, high
sensitivity components needed to perform experiments
with non-classical light [62].
In our Eq. (4), the dispersion parameter ζ2 is linked
to the parameter β2 used in fiber optics by β2 =
−ζ2/vg∆ω2FSR (in s2m−1), where vg = c/ng is the group
velocity. The coefficient g0 can be converted to the non-
linear coefficient γ = ω
L
n2/cAeff = g0TFSR/vg~ωL (in
W−1m−1) which is also well known in fiber optics, where
Aeff = Veff/2pia is the effective area, and Veff is the ef-
fective volume. For a spherical resonator of radius a, an
approximation of the effective volume of a WGM of az-
imuthal eigenumber ` and polar eigennumber m is given
in ref. [63] as Veff ' 3.4pi 32 (λL/2ping)3`
11
6
√
`−m+ 1.
Since ` ' m for the WGMs of interest, the effective area
can therefore be approximated as Aeff ∼ (λL/ng)
7
6 a
5
6 for
a spherical WGM resonator, and this is generally a higher
bound estimate for WGM disks or ring resonators. Fi-
nally, the intra-cavity and output dimensionless intensi-
ties |Al|2 and |Aout,l|2 can be converted in watts following
|El|2 = ~ωL |Al|2/TFSR and |Eout,l|2 = ~ωL |Aout,l|2.
The theory based on the stability analysis of the nor-
malized LLE indicates that Kerr combs can scarcely be
generated when the normalized intra-cavity power |ψ|2
and external pump power F 2 are inferior to 1. There-
fore, the condition F 2min = 1 leads the following absolute
minimum pump power (in watts) to trigger Kerr comb
generation
Pmin =
~ω
L
8g0
∆ω3tot
∆ωext,t
= 2pia
ω2
L
8γv2g
Qext,t
Q3tot
, (14)
which correspond to an absolute minimum photon flux of
|Ain|2min = Pmin/~ωL . On the other hand, the condition
|ψ|2min = 1 yields the following formula for the minimum
intra-cavity power (in watts)
|Emin|2 = ~ωL
2g0
∆ωtot
T
FSR
=
ω
L
2γvg Qtot
, (15)
which corresponds to a minimal intra-cavity number of
photon equal to |A0|2min = ∆ωtot/2g0. The above values
are therefore absolute minima (necessary but not suffi-
cient for comb generation), that can be reached when
the laser is accurately detuned to σ = − 12∆ωtot in the
anomalous dispersion regime (see refs. [17, 57]). For
any other detuning, and in both dispersion regimes, the
threshold pump power Pth for Kerr comb generation will
necessarily be higher than Pmin, up to a factor 100. How-
ever, the threshold number of intra-cavity threshold num-
ber of photons |Ath|2 will still be equal, or very close, to
the minimal value |A0|2min [57].
Therefore, for mm-size crystalline resonator with
10 GHz free-spectral range (T
FSR
= 100 ps), γ ∼
1 W−1km−1, ng ∼ 1.4, and Qint = Qext ∼ 109 at
81550 nm in the add-through configuration, the absolute
minimum threshold power can be as low as Pmin ∼ 1 mW.
Such low pumping power has already been demonstrated
experimentally, like in ref. [64] where a threshold power of
∼ 2 mW was sufficient to trigger Kerr comb generation.
On the other hand, for an integrated silicon nitride res-
onator with 100 GHz repetition rate, γ ∼ 10 W−1km−1,
ng ∼ 2, and quality factors Qint = Qext ∼ 3 × 106 at
1550 nm in the add-through configuration, the absolute
minimum threshold pump power is rather Pmin ∼ 1 W.
III. QUANTUM MODEL FOR KERR OPTICAL
FREQUENCY COMBS
The construction of quantum models for Kerr combs is
required in order to understand the spatio- and spectro-
temporal behavior of the system when it is in a dynamical
state like one of those displayed in Fig. 2. The determi-
nation of this dynamical behavior at the quantum level
can be performed through the canonical quantization of
the semi-classical model, or by defining an Hamiltonian
operator ruling the relevant interactions in the system.
The first approach has the advantage to be more intu-
itive, while the second is generally helpful at the time to
establish conservation rules (which are closely related to
commutators involving the Hamiltonian). In the present
article we will use both formalisms, which will be intro-
duced in this section to derive the temporal behavior of
the Kerr comb.
A. Canonical quantization
The canonical quantization permits to derive the quan-
tum counterpart of a semi-classical model, and in our case
it consists in three steps [65, 66]: (i) replace all the fields
Al(t) and their complex conjugates A∗l (t) by annihilation
and creation operators aˆl(t) and aˆ
†
l (t), respectively [67];
(ii) introduce vacuum fluctuation operators for every loss
mechanism (intrinsic or extrinsic) in the optical system;
(iii) introduce vacuum fluctuation operators at both the
in- and out-coupling ports.
The creation and annihilation operators obey the fol-
lowing boson commutation rules
[aˆl , aˆ
†
l′ ] = δl,l′ (16)
[aˆl, aˆl′ ] = [aˆ
†
l , aˆ
†
l′ ] = 0 . (17)
The semi-classical photon number |Al|2 = A∗lAl, which
was a measure of the intra-cavity optical energy for each
mode, is now represented by its quantum counterpart,
which is the photon number operator
nˆl = aˆ
†
l aˆl . (18)
It is useful to recall that the ordering of the operators
aˆ†l and aˆl can not be arbitrarily swapped, as these two
operators do not commute. We adopt here the so-called
normal ordering which consists in placing the creation
operators on the left and the annihilation operators on
the right.
The vacuum fluctuations associated with losses and
coupling can be explicitly introduced in each mode us-
ing the vacuum operators Vˆi,l for the intrinsic losses, Vˆt,l
for the coupling losses in the through port, and Vˆd,l for
the coupling losses in the drop port. These free-field op-
erators have zero-mean value and obey the commutation
rules
[Vˆs,l(t), Vˆ
†
s′,l′(t
′)] = δs,s′ δl,l′ δ(t− t′) , (19)
where s, s’ = t (through), i (intrinsic), or d (drop). The
vacuum fluctuations, which are necessary to avoid a vi-
olation of the Heisenberg uncertainty principle, have fol-
lowing correlation properties〈
Vˆs,l(t)Vˆ
†
s′,l′(t
′)
〉
= δs,s′ δl,l′ δ(t− t′) (20)〈
Vˆ†s,l(t)Vˆs′,l′(t
′)
〉
= 0 , (21)〈
Vˆs,l(t)Vˆs′,l′(t
′)
〉
=
〈
Vˆ†s,l(t)Vˆ
†
s′,l′(t
′)
〉
= 0 . (22)
The pumping field is now defined as a coherent state
Aˆin = Ain + Vˆt,0 , (23)
which is the sum a semi-classical contribution Ain (this is
a shorthand for Ain1ˆ, where 1ˆ is the identity operator),
and a vacuum fluctuation that will be inserted in the
through port. Its commutation rules is therefore
[Aˆin(t), Aˆ
†
in(t
′)] = [Vˆt,0(t), Vˆ
†
t,0(t
′)] = δ(t− t′) , (24)
and it then, has the same quantum-noise properties as a
vacuum fluctuation.
The canonical quantization can be now be performed
by transforming the semi-classical Eqs. (4), (8) and (11)
into their quantum counterparts.
Let us first introduce the following notation for the
sake of conciseness:
2κi ≡ ∆ωint (25)
2κd ≡ ∆ωext,d (26)
2κt ≡ ∆ωext,t (27)
2κ ≡ ∆ωtot . (28)
For the add-through configuration, the quantum model
explicitly reads
˙ˆal =− κ aˆl + i
[
σ − 1
2
ζ2l
2
]
aˆl + δ(l)
√
2κtAin
+ ig0
∑
m,n,p
δ(m− n+ p− l) aˆ†naˆmaˆp
+
√
2κt Vˆt,l +
√
2κi Vˆi,l (29)
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FIG. 3: (Color online) Schematic representation of the experimental setups used to analyze the quantum states of a Kerr comb.
Practical elements such as polarization controllers, amplifiers, variable attenuators, isolators, etc. have been ommitted for the
sake of conceptual clarity. (a) Pump below threshold. Two symmetric sidemodes from the parametric fluorescence spectrum
can be isolated and can be processed in the time domain using a time interval analyzer (TIA), or in the spectral domain using an
optical spectrum analyzer(OSA). Note that the TIA and the OSA should normally not be used simultaneously. (b) Pump above
threshold. Two symmetric sidemodes from the Kerr comb are isolated and the difference between the photodetected signal can
be monitored using an electrical spectrum analyzer (ESA). Note that in the ESA the baseband spectrum will be single-side
band (the double-side band pictogram is only a convenient visual reminder of the squeezing spectra we are theoretically plotting
in this article).
with
κ = κt + κi (30)
Aˆout,l =
√
2κt aˆl −Ainδ(l)− Vˆt,l . (31)
On the other hand, for the add-drop configuration, the
quantum model is
˙ˆal =− κ aˆl + i
[
σ − 1
2
ζ2l
2
]
aˆl + δ(l)
√
2κtAin
+ ig0
∑
m,n,p
δ(m− n+ p− l) aˆ†naˆmaˆp
+
√
2κt Vˆt,l +
√
2κi Vˆi,l +
√
2κd Vˆd,l . (32)
where the losses and the output field operator obey
κ = κt + κi + κd (33)
Aˆout,l =
√
2κd aˆl − Vˆd,l . (34)
Note that because of the normal ordering, the creation
operator in the nonlinear interaction terms is always
placed on the left. Also, in the canonical quantization
procedure, the pump fields Ain have not been explic-
itly replaced by the operator Aˆin, since the related vac-
uum fluctuation
√
2κt Vˆt,0 is already accounted for in the
generic term
√
2κt Vˆt,l.
B. Hamiltonian formalism
The theoretical understanding of the quantum proper-
ties of Kerr optical frequency combs can also be achieved
through an Hamiltonian formalism, and in our case, the
total Hamiltonian of the system has three contribution.
The first contribution corresponds to the propagation
of the fields, following
Hˆfree = ~
∫ +pi
−pi
aˆ†
[
σ +
1
2
ζ2
∂
∂θ2
]
aˆ
dθ
2pi
= ~
∑
l
[
σ − 1
2
ζ2l
2
]
aˆ†l aˆl . (35)
The second contribution originates from the external
pump field, and reads
Hˆpump = i~
√
2κtAin
(
aˆ†0 − aˆ0
)
. (36)
The third and last contribution comes from the interac-
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tions related to the Kerr nonlinearity:
HˆKerr = −1
2
~g0
∫ +pi
−pi
(
aˆ†
)2
(aˆ)2
dθ
2pi
(37)
= −1
2
~g0
∑
m,n,p,q
δ(m− n+ p− q) aˆ†naˆ†q aˆmaˆp .
For the physical understanding of the quantum phenom-
ena in Kerr media, it is sometimes useful to decompose
the interaction Hamiltonian itself into three contribu-
tions following
HˆKerr = HˆSPM + HˆCPM + HˆFWM , (38)
where
Hˆ
SPM
= −1
2
~g0
∑
m
(
aˆ†m
)2
(aˆm)
2
(39)
is the self-phase modulation (SPM) contribution (a single
mode is involved in the interaction),
Hˆ
CPM
= −2~g0
∑
m<n
aˆ†maˆ
†
naˆmaˆn (40)
is the cross-phase modulation (CPM) contribution (two
distinct modes are involved), while the four-wave mixing
(FWM) term Hˆ
FWM
gathers all the remaining monomials
of HˆKerr, which necessarily involve three or four distinct
interacting modes.
The total Hamiltonian is therefore
Hˆtot = Hˆfree + Hˆpump + HˆKerr , (41)
and it is interesting to note that this Hamiltonian can be
very large for Kerr combs. In earlier studies related to
quantum correlations in systems ruled by the LLE, the
Hamiltonian was always truncated to a maximum of few
tens of monomials. However, in our case, if we consider
a comb with l = −K, . . . ,K (that is, a comb with 2K +
1 modes), then the interaction Hamiltonian HˆKerr has
exactly 13 [2(2K+1)
3 +(2K+1)] monomials: this number
therefore grows in a cubic polynomial fashion with the
number of modes, and for a comb with ∼ 100 modes,
there is already ∼ 106 monomials in the Hamiltonian.
The Hamiltonian Hˆtot can now be used to track the
temporal dynamics of the quantum Kerr comb, as it per-
mits to obtain an explicit equation for the annihilation
operator aˆl following
˙ˆal =
1
i~
[aˆl, Hˆtot] +
∑
s
[
−κsaˆl +
√
2κs Vˆs,l
]
. (42)
where the index s runs across the various loss terms cor-
responding to the configuration under study, that is
s =
{
t, i for add− through
t, i,d for add− drop , (43)
The term κ =
∑
s κs stands for the total losses [see
Eqs. (6) and (9)], and Vˆs,l represent the vacuum fluctu-
ations corresponding to these losses. On the other hand,
the output field is
Aˆout,l =
√
2κr aˆl −Ainδt,rδ(l)− Vˆr,l . (44)
where the index r stands for the output port following
r =
{
t for add− through
d for add− drop . (45)
Equation (42) is identical to Eqs. (29) and (32), and the
output field operators defined in Eq. (44) in the add-
through and add-drop configurations obey the same re-
lationships as in Sec. III A. The commutator [aˆl, Hˆtot]
generates exactly 3K2 + 3K − l2 + 1 monomials, and
accordingly, Eq. (42) includes a large number of terms
as well. We also note that this formalism is close to the
one adopted by Matsko et al. to investigate the temporal
dynamics of Kerr combs in the deterministic regime, that
is, when all the vacuum noise terms are uniformly set to
zero [68].
Another approach is to study the following Master
Equation [42]:
˙ˆρ =
∑
l
Λlρˆ− 1
i~
[ρˆ, Hˆtot] . (46)
where ρˆ is the density operator for the comb, and Λl is a
Liouvillian explicitly defined as
Λl = [aˆlρˆ, aˆ
†
l ] + [aˆl, ρˆaˆ
†
l ] . (47)
In this article, we will however only consider the Hamil-
tonian in the context of Eq. (42), which yields a set of
equations that are formally identical to those obtained
through the canonical quantization in Sec. III A.
C. Spatiotemporal formalism
The quantum form of the spatio-temporal LLE for
Kerr comb generation is
∂
∂t
aˆ = −(κ− iσ) aˆ + ig0 aˆ†aˆ2 + i ζ2
2
∂2
∂θ2
aˆ +
√
2κtAin
+
∑
s
√
2κs Vˆs(θ, t) (48)
where aˆ(θ, t) =
∑
l aˆl(t) e
ilθ is the total intra-cavity
annihilation operator. The quantum equation in the
case where higher-order dispersion is accounted for is
straightforwardly obtained by replacing (ζ2/2)∂
2aˆ/∂θ2
by vg
∑kmax
k=2 (iΩFSR)
k(βk/k!)∂
kaˆ/∂θk. The multimode
vacuum fluctuation operators are analogously defined as
Vˆs(θ, t) =
∑
l Vˆs,l(t) e
ilθ, and the output field annihila-
tion operator reads Aˆout(θ, t) =
∑
l Aˆout,l(t) e
ilθ. Quan-
tum versions of the LLE for other physical systems have
previously been investigated by several researchers in one
and two transverse spatial dimensions (see for example
refs. [42–45, 69]).
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IV. SYSTEM UNDER THRESHOLD:
SPONTANEOUS FOUR-WAVE MIXING
When the system is pumped under threshold (this is
always the case when P < Pmin), only the pumped mode
l = 0 is excited from the semi-classical standpoint, that
is, A0 6= 0 and Al ≡ 0 for l 6= 0 . However, from a
quantum perspective, there are quantum fluctuations in
all modes, which are allowing for the spontaneous pho-
tonic interaction 2~ω0 → ~ωl + ~ω−l. The objective of
this section is to determine the power spectra of all the
sidemodes and their eventual correlations as a function
of pump power, dispersion, detuning and nonlinear gain.
In the scientifc literature, the topic of quantum dynam-
ics of nonlinear optical systems pumped under threshold
has been the focus of several research works, essentially
in the context of parametric down conversion [70–76]. or
for spontaneous FWM [77, 78]. A convenient method
to determine consists in establishing the linearized time-
domain equation for the quantum fluctuations, and then
calculate their Fourier spectra.
A. Quantum Langevin equations
In order to understand the effect of these quantum fluc-
tuations, let us consider that under threshold, the anni-
hilation operator in the various modes of the resonator
can be explicitly rewritten as
aˆl =
{ A0 + δaˆ0 for l = 0
δaˆl for l 6= 0 , (49)
where the operators δaˆl stand for the quantum fluctua-
tions in a given mode l ∈ {−K, . . . ,K}. By inserting
Eq. (49) into Eq. (42), it appears that the quantum dy-
namics of the system is decomposed under the form of a
nonlinear algebraic equation
(−κ+ iσ)A0 +
√
2κtAin + ig0|A0|2A0 = 0 , (50)
for the central mode l = 0, while we have the set of 2K
differential equations
δ ˙ˆal = Rl δaˆl + Sl δaˆ†−l +
∑
s
√
2κs Vˆs,l , (51)
for the quantum fluctuations in the sidemodes ±l 6= 0,
with
Rl = −
[
κ− i
(
σ − 1
2
ζ2l
2
)]
+ 2ig0 |A0|2 (52)
Sl = ig0A20 (53)
being complex-valued parameters. Equations (51) can be
rewritten under the form of K independent sets of 2× 2
quantum-noise driven linear flows, following[
δ ˙ˆal
δ ˙ˆa†−l
]
= Ja,l
[
δaˆl
δaˆ†−l
]
+
∑
s
√
2κs
[
Vˆs,l(t)
Vˆ
†
s,−l(t)
]
, (54)
where
Ja,l =
[ Rl Sl
S∗l R∗l
]
(55)
is a 2× 2 Jacobian matrix. It is interesting to note that
the quantum fluctuations δaˆ±l are mutually coupled, and
are independent from the other modes of order l′ 6= l.
B. Spontaneous emission spectra
In the Fourier domain, we transform the operators as
X˜(ω) =
1√
2pi
∫ +∞
−∞
Xˆ(t) eiωtdt. (56)
and we find that in the spectral domain, Eq. (54) can be
rewritten as[
δa˜l(ω)
δa˜†−l(ω)
]
= −[Ja,l + iωI2]−1
×
∑
s
√
2κs
[
V˜s,l(ω)
V˜
†
s,−l(ω)
]
, (57)
where I2 is the 2× 2 identity matrix. Using Eq. (44), it
is easy to find that the output annihilation and creation
operators obey[
δA˜out,l(ω)
δA˜
†
out,−l(ω)
]
= −[Ja,l + iωI2]−1
×
∑
s
√
4κrκs
[
V˜s,l(ω)
V˜
†
s,−l(ω)
]
−
[
V˜r,l(ω)
V˜
†
r,−l(ω)
]
. (58)
Using the following correlation properties of the vacuum
fluctuations in the Fourier domain〈
V˜s,l(ω)V˜
†
s′,l′(ω
′)
〉
= δs,s′ δl,l′ δ(ω − ω′) (59)〈
V˜†s,l(ω)V˜s′,l′(ω
′)
〉
= 0 , (60)〈
V˜s,l(ω)V˜s′,l′(ω
′)
〉
=
〈
V˜†s,l(ω)V˜
†
s′,l′(ω
′)
〉
= 0 , (61)
together with Eq. (58), the spectral density of the out-
put photon flux in the sidemodes ±l can be explicitly
calculated as
Ssp,l(ω) =
〈
δA˜†out,±l(ω)δA˜out,±l(ω)
〉
(62)
= 4ρκ2
g20 |A0|4
[κ2 − g20 |A0|4 + ξ2l − ω2]2 + 4κ2ω2
.
where
ξl = =[Rl] = σ − 1
2
ζ2l
2 + 2g0|A0|2 (63)
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FIG. 4: (Color online) Lineshape Ssp,l(ω) of various side-
modes with different l values when populated by spontaneous
FWM, as defined in Eq. (62). The parameters are set to
σ = 1
2
κ, ρ = 0.5, g0|A0|2 = κ/10 and ζ2 = κ/100. Note that
these parameters correspond to those of Fig. 5(b). Contin-
uous green: l = ±1, the lineshape is single-peaked. Dotted
red: l = ±25, the lineshape is doubled-peaked. Dashed red:
l = ±50, the lineshape is still doubled-peaked, and the sepa-
ration between the peaks is wider.
is the overall shift induced by laser detuning, group-
velocity dispersion and self-phase modulation for a given
mode l, while the parameter ρ ∈ [0, 1[ is defined as
ρ =
κr
κ
(64)
=
{
κt/(κt + κi) for add− through
κd/(κt + κi + κd) for add− drop .
The parameter ρ is the ratio between out-coupling and
total losses, and can therefore be interpreted as the ra-
tio between the number of detected photons versus the
total number of annihilated photons [76]. The best per-
formance for spontaneous FWM is achieved for ρ → 1,
which physically corresponds to strong over-coupling in
the detection port, that is, to κt  κi in the add-through
configuration, and to κd  κt, κi in the add-drop config-
uration. Therefore, ultra-low loss resonators are the most
perfectly suitable for the purpose of spontaneous FWM,
as ρ is anyway maximized when κi → 0 (or Qint → +∞).
Equation (62) defines the lineshape of the side-
mode spectra, when populated by spontaneous FWM.
Since the spectra can be rewritten as Ssp,l(ω) =
4ρκ2g20 |A0|4/|Dl(ω)|2 with
Dl(ω) = [κ2 − g20 |A0|4 + ξ2l − ω2]− 2iκω , (65)
it is easy to demonstrate that the lineshapes of Ssp,l(ω)
is either single- or double-peaked, depending on if the
bi-quadratic polynomial |Dl(ω)|2 has one or two minima,
respectively. The spectra are thereby found to be single-
peaked when
ξ2l ≤ κ2 + g0|A0|2 , (66)
and double-peaked otherwise. In other words, single-
peaked lineshapes correspond to a small overall detun-
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FIG. 5: (Color online) Spontaneous FWM (parametric flu-
orescence) spectra for various values of the laser frequency
detuning σ. The green lines are single-peaked sidemodes,
while the red lines are double-peaked sidemodes (see Fig. 4).
The thick black line is the envelope Senv(l) of the spectrum
as defined in Eq. (67). The parameters are set to ρ = 0.5,
g0|A0|2 = κ/10 and ζ2 = κ/100. (a) σ = 5κ: the envelope
Senv(l) has two maxima located around l = ±32 as predicted
by Eq. (68). (b) σ = 1
2
κ: the envelope still has two maxima,
located around l = ±12. (c) σ = − 1
2
κ: the envelope only has
one maximum. (d) σ = −5κ: there is only one maximum and
all the modes are double-peaked.
ing |ξl|, while double-peaked ones indicate large over-
all detunings. A direct consequence is that the side-
modes are always double-peaked in the asymptotic limit
l → ±∞. These two typical lineshape profiles are dis-
played in Fig. 4.
From Eq. (62), it is possible to define the enveloppe
of the spontaneous emission spectrum, which is defined
as the continuous line linking the sidemode peaks in the
spectral domain. These maxima are located at the fre-
quency ωm = 0 for single-peaked sidemodes (SPS), and
at ωm = ±[ξ2l − κ2 − g0|A0|2]
1
2 for the double-peaked
sidemodes (DPS). Inserting these frequency values in
Eq. (62) yields the following envelope
Senv(l) =
 4ρ
g20 |A0|4κ2
[κ2−g20 |A0|4+ξ2l ]2
for SPS
ρ
g20 |A0|4
ξ2l−g20 |A0|4
for DPS
. (67)
There are therefore two types of enveloppe Senv(l). The
first kind has two maxima located at the nearest integer
approximation of
l ' ±
√
2
ζ2
(σ + 2g0|A0|2) (68)
when 2(σ+ 2g0|A0|2)/ζ2 > 0 (this condition can only be
fulfilled for single-peaked sidemodes). The second kind
corresponds the case where 2(σ + 2g0|A0|2)/ζ2 ≥ 0, and
it yields an envelope that with a single maximum located
around the pump frequency (l = 0). The various types
of envelopes are displayed in Fig. 5, where is can be seen
13
that when the pumping is resonant (σ < κ), the spec-
trum configuration is such that there are single-peaked
sidemodes around the pump, and double-peakes ones at
the edges of teh spectrum. However, for strong detuning,
we have either the case where there are no single-peaked
sidemodes at all (the envelope only has one maximum),
or the one where single- and double-peaked lineshapes
alternate as the sidemode order is varies (with single-
mode lineshapes located around the two maxima of the
envelope).
However, the spectrum Ssp,l(ω) diverges when the de-
nominator function |Dl(ω)|2 → 0. In particular, such a
divergence is observed when the three following condi-
tions are fulfilled:
ω = 0 (69)
g0|A0|2 = κ =⇒ |A0|2 = |Ath|2 (70)
ξl = 0 =⇒ σ = 1
2
ζ2l
2 − 2κ . (71)
The first condition is an equidistance condition, which in-
dicates that the spontaneous FWM lines are precursors
of the stimulated FWM comb that is expected to emerge
just above threshold. The second equation is the ampli-
tude condition (null gain) which indicates that the FWM
is passing from being spontaneous to stimulated. The
third and last equation is a phase-matching condition.
However, this unphysical divergence occurs because the
linearization procedure fails when the system is pumped
close to threshold, since the higher-order contributions
are not negligible anymore. This regime of large quantum
fluctuations just below threshold is non-trivial therefore
deserves a study of its own.
C. Output photons flux and power of spontaneous
emission spectra
Knowing the spectral power density of the spontaneous
FWM spectra, it is possible to calculate analytically the
output photon flux Rout,l (or photon production rate, in
units of s−1) for any mode l using the Parseval theorem
following
Rout,l =
1
2pi
∫ +∞
−∞
Ssp,l(ω) dω , (72)
while the output power (in W) for each mode l is simply
obtained through
Pout,l = ~ωL Rout,l , (73)
and the total power emitted in the spontaneous emission
spectra is
Pout = ~ωL
∑
l 6=0
Rout,l . (74)
The explicit calculation of the integral in Eq. (72) math-
ematically leads two different cases, depending on if the
intra-cavity photon number |A0|2 [solution of Eq. (50)] is
small or not with regards to the threshold photon number
value |Ath|2 = κ/g0.
1. Case of weak pumping
The first case, which is referred to here as the case of
weak pumping, mathematically corresponds to
g20 |A0|4 < κ2 + ξ2l (75)
and it is particularly important because it physically cor-
responds to the most widespread experimental configu-
ration. Effectively, weak pumping permits to avoid par-
asitic nonlinear (Raman, Brillouin) and thermal effects
(such as thermo-optical oscillations, see ref. [79]), thereby
allowing for a better control of the spontaneous emission
process. In this case, the output flux of spontaneously
emitted photons is explicitly defined as
Rout,l = ρκ
g20 |A0|4
κ2 − g20 |A0|4 + ξ2l
(76)
However, the nonlinear relationship between |A0|2 and
P = ~ω
L
A2in is non-trivial, as evidenced by the nonlinear
equation (50). This situation impedes a simple quantita-
tive understanding of the interplay between pump power
and parametric spontaneous emission. This nonlinearity
disappears in the asymptotic case of very weak pump-
ing (|A0|2  |Ath|2 = κ/g0), which is the most relevant
from a physical standpoint as highlighted above. Effec-
tively, when the pump power is extremely small, the in-
tracavity photon number is typically much smaller that
the Kerr comb threshold. The nonlinear gain term can
therefore be neglected in Eq. (50) and in that case, the
intra-cavity photon number in the pumped mode scales
with the pump power following
|A0|2 ' 2κt
κ2 + σ2
P
~ω
L
. (77)
In this very weak pumping regime, the intracavity photon
number |A0|2 is therefore proportional to the input pump
power P , and therefore the output photon flux can now
be determined as
Rout,l ' Rmax[
1 +
(
σ
κ
)2]2 [
1 + 1κ2
(
σ − 12ζ2l2
)2] , (78)
where
Rmax = 4ρ
g20κ
2
t
κ5
[
P
~ω
L
]2
= 32
Q6tot
QrQ2t
[
γv2g
2pia
]2
P 2
ω3
L
(79)
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is the maximum photon production rate that can be
achieved in a given sidemode. As far as orders of mag-
nitude are concerned, if we consider the resonators de-
scribed in Sec. II D, the maximal photon flux per side-
mode is equal Rmax ∼ 104 s−1 when the crystalline res-
onator is pumped with 0.1 mW, or when the integrated
ring-resonator is pumped with 1 mW.
Further simplifications be considered to establish a use-
ful approximation of the sidemode photon flux Rout,l,
or equivalently, the sidemode power Pout,l. For exam-
ple, in the common case of a ring-resonator of radius
a which is resonantly pumped (σ = 0) and critically
coupled (ρ = 1/2) in the add-through configuration
(κt = κi = κ/2), Eq. (78) can be simplified and leads
to the following formula for the sidemode power
Pout,l ' ~ωL
g20
2κ3
[
P
~ω
L
]2
' 4~ω
L
[
γv2g
2pia
]2 [
Qtot
ω
L
]3
P 2 (80)
when dispersion effects are neglected. It is noteworthy
that the above formula exactly corresponds to the one
proposed by Azzini et al. in ref. [32]. It should also be
noted that as a general rule of thumb, spontaneous emis-
sion is stronger with higher nonlinearity, higher pump
power, higher Q factors, and smaller size.
Still in the very weak pumping regime, the total power
emitted in the full spontaneous emission spectrum (all
the sidemodes) can be calculated using Eq. (78) and a
continuous approximation of the discrete sum of Eq. (74),
following
Pout ' ~ωL
∫ +∞
−∞
Rout,l dl (81)
' ~ω
L
Rmax
pi
√
κ
|ζ2|[
1 +
(
σ
κ
)2] 94
1 + sgn(σ/ζ2)√
1 +
(
σ
κ
)2
 12 ,
and it appears that spontaneous FWM is globally more
effective when |ζ2| → 0 (vanishing dispersion) and |σ| →
0 (resonant pumping). Naturally, in the limit case ζ2 =
0, other effects such as higher-order dispersion or pump
depletion have to be considered in order to prevent the
unphysical power divergence.
2. Case of strong pumping
The second case of spontaneous FWM which is refered
to as the case of strong pumping corresponds to
g20 |A0|4 > κ2 + ξ2l . (82)
This case physically corresponds to the situation the
overall detuning ξl is very large, so that the system re-
mains under threshold even when the pump power (as
well as) is very large (|A0|2 ∼ |Ath|2). The photon flux
in a sidemode l is given in that case by
Rout,l = ρκ
2 g
2
0 |A0|4√
g20 |A0|4 − κ2 [g20 |A0|4 − κ2 − ξ2l ]
. (83)
This case is of strong pumping is scarcely explored ex-
perimentally, because as emphasized earlier, the high in-
tracavity power triggers many parasitic phenomena.
Note that the limit case g20 |A0|4 = κ2 + ξ2l leads to an
unphysical divergence that is circumvented by dropping
the hypothesis of undepleted pump and pair-wise coupled
sidemodes.
D. Quantum correlations and entanglement
The correlation of the output annihilation operators
can be calculated as
C(ω) =
〈
δA˜out,−l(ω)δA˜out,l(ω)
〉
(84)
= −ρ 2κSl|Dl(ω)|2 [D
∗
l (ω) + 2κ (R∗l − iω)] .
and it appears that it is obviously not null.
It is interesting to note that the dynamical Eqs. (51) for
the sidemode fields ±l correspond to a simplified Hamil-
tonian with the approximation of a strong pump with
regards to the sidemodes, that is, 〈nˆ0〉  〈nˆ±l〉. In that
case, the interaction between the pump and the side-
modes ±l is described by the simplified Hamiltonian
Hˆl = −1
2
~g0 {(A20)∗ aˆlaˆ−l +A20 aˆ†l aˆ†−l}
= i~ {ζ∗ aˆlaˆ−l − ζ aˆ†l aˆ†−l}
(85)
with ζ = − 12 ig0A20. It is well known that the Hamiltonian
Hˆl creates entangled photons in pairs following [66]
|ψ|l|(t)〉 = e[Hˆl/i~]t |0, 0〉 (86)
=
1
cosh r
+∞∑
n=0
(−eiϕ)n tanhn r |n, n〉 (87)
where ζt = reiϕ. Hence, when the system is pumped far
below threshold, the main characteristics of the sponta-
neously emitted photons can be estimated analytically.
V. SYSTEM ABOVE THRESHOLD: QUANTUM
CORRELATIONS AND SQUEEZING FOR THE
PHOTON NUMBERS
In the frequency comb corresponding to a station-
ary pattern like rolls of solitons, the photon number in
each semi-classical sidemodes is defined as |Aout,±l|2 =
15
Nout,±L, which is proportional to the optical power that
can be photo-detected experimentally for each of these
two modes. We have recalled in Sec. II C that for be-
ing symmetrical, both sidemodes have the same ampli-
tude, their photon numbers are equal and the average
intensity difference 〈Nout,∆〉 = 〈Nout,l〉−〈Nout,−l〉 is null
in the semi-classical limit. This result indicates that
the quantum operator corresponding to this difference
in photon numbers could potentially display a noticeably
non-classical behavior under optimal conditions.
Here, we show that in a stationary Kerr comb
(rolls or solitons), the photon number difference
Nout,∆ = Nout,l − Nout,−l which experimentally corre-
sponds to difference of optical powers photo-detected
for the modes +l and −l can under certain conditions
display squeezing. In the literature, this phenomenon
is sometimes referred to as two-mode squeezing because
two optical modes are involved in the process, at the
opposite of traditional notion of squeezing where a single
mode is considered. We will show that this two-mode
squeezing can be observed not only for rolls close to
threshold within a three-modes approximation, but also
for any type of stationary Kerr comb, regardless of the
number of modes involved and the dispersion regime,
and even far above threshold.
A. General case of combs with arbitrary number of
modes
Let us consider the modal photon number operators
nˆl = aˆ
†
l aˆl and nˆ−l = aˆ
†
−laˆ−l, which correspond to the
modes +l and −l, respectively. From the Heisenberg
Eq. (42), we can determine the time-domain dynamics
of these operators as
˙ˆn±l = ˙ˆa
†
±laˆ±l + aˆ
†
±l ˙ˆa±l
=− 2κnˆ±l + 1
i~
[nˆ±l, Hˆtot]
+
∑
s
√
2κs (Vˆ
†
s,±l aˆ±l + aˆ
†
±lVˆs,±l) . (88)
with s = t, i for the add-through configuration, and s =
t, i, d for the add-drop configuration. It can be demon-
strated that the photon numbers nˆ±l do not commute
with the Hamiltonian Hˆtot.
We can use Eqs. (88) to show that the operator
nˆ∆ = nˆ+l − nˆ−l (89)
standing for the photon number difference obeys the fol-
lowing time-domain equation:
˙ˆn
∆
= −2κnˆ
∆
+
1
i~
[nˆ
∆
, Hˆtot] +
∑
s
√
2κs Gˆs , (90)
where
Gˆs = Vˆ
†
s,+l
aˆ+l + aˆ
†
+lVˆs,+l − Vˆ†s,−l aˆ−l − aˆ†−lVˆs,−l . (91)
The expectation values related to Gˆs are
〈Gˆs(t)〉 = 0 (92)
〈Gˆs(t)Gˆs′(t′)〉 = 〈nˆΣ〉 δs,s′ δ(t− t′) , (93)
where
nˆ
Σ
= nˆ+l + nˆ−l (94)
is the photon number operator for the sum of the side-
modes ±l [45].
In the general case, Eq. (90) ruling the dynamics of
the photon number difference is highly nonlinear. How-
ever, it degenerates to a linear Langevin equation when
nˆ∆ commutes with Hˆtot. In particular, this condition is
fulfilled when the photon number individually commutes
with Hˆfree, Hˆpump and HˆKerr.
It is not difficult to show that nˆ
∆
commutes with both
Hˆfree and Hˆpump. However, the determination of the com-
mutator [nˆ
∆
, HˆKerr] is much less trivial. More explicitly,
using the relationships
[nˆ±l, HˆKerr] = [aˆ
†
±l, HˆKerr]aˆ±l + aˆ
†
±l[aˆ±l, HˆKerr] , (95)
we can derive an explicit expression of the commutator
[nˆ
∆
, HˆKerr], following
[nˆ
∆
, HˆKerr] = [nˆ+l, HˆKerr]− [nˆ−l, HˆKerr]
= ~g0
∑
n,p,q
aˆ†naˆ
†
q aˆp {δ(l − n+ p− q) aˆl
− δ(l + n− p+ q) aˆ−l} −H. c. (96)
where H. c. stands for the Hermitian conjugate of all pre-
ceding terms. In fact, by setting p ≡ q, it can be shown
that [nˆ∆ , HˆSPM ] and [nˆ∆ , HˆCPM ] are both null regardless of
the size of the comb. However, [nˆ
∆
, Hˆ
FWM
] is not necessar-
ily null. This implies that the photon number difference is
generally not a conserved quantity. For example, for a 5-
modes comb (let’s consider l = −2, . . . ,+2 for the sake of
simplicity), the photonic interaction 2~ω−1 → ~ω0+~ω−2
induces a loss of 2 photons in the mode l = −1 (in favor
of the modes l = 0 and l = −2), while its symmetric
sidemode counterpart l = 1 remains unaffected. Hence,
despite the fact that 〈N∆〉 = 〈Nl〉 − 〈N−l〉 is expected
to be null (in average) in the semi-classical approxima-
tion, the value of N∆ itself is not necessarily conserved at
the photon level. This phenomenology can be witnessed
whenever the size of the comb is strictly larger than 3.
However, when the size of the comb is equal to 3, the
photon number difference does commute with the interac-
tion Hamiltonian, and therefore, is conserved. This case
corresponds to the problem that was originally investi-
gated by Lugiato and Castelli in ref. [42]. From a physi-
cal standpoint, the explanation of this feature is that in
a 3-modes Kerr combs, any variation of photon number
in one sidemode must induce the very same variation in
the other sidemode. Therefore, in this case, the photon
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number difference itself N∆ = Nl − N−l (and not only
its average value) is strictly null in deterministic pho-
ton picture. As a consequence, in 3-modes Kerr combs,
non-classical light can be generated in twin-beams, as
analyzed in the next sub-section.
B. Particular case of combs with 3 modes
(pump, signal and idler)
We aim here to derive the output spectra of the
photon-number difference in both the add-through and
add-drop configurations, when the Kerr comb is consti-
tuted with only 3 modes. Such combs arise for example
in the anomalous dispersion regime just after a super-
critical Hamiltonian-Hopf bifurcation (σ > − 4130 κ, see
refs. [25, 57, 80]). The system in that case yields the
so-called Turing patterns (or rolls) in the time-domain,
and primary combs in the frequency-domain (Kerr combs
with multiple-FSR spacing). Using the normalized LLE
of Eq. (13), it has been shown in [57] that the threshold
pump power is F 2th = 1 + (1− α)2, which corresponds in
watts to
Pth = PminF
2
th = Pmin
[
1 +
(
1 +
σ
κ
)2]
, (97)
where Pmin is the absolute minimum power needed for
comb generation, and was introduced in Eq. (14). Above
that threshold pump power, a stable roll pattern of order
L with
L '
√
2
β
(α− 2) =
√
2
ζ2
(σ + 2κ) (98)
emerges in the θ-domain through modulational instabil-
ity, and it essentially features 3 modes l = 0,±L in the
frequency domain (see refs. [17, 22, 57]). At the exper-
imental level, the value of L can be as low as 1 and as
high as ∼ 200 [86, 87].
The photon number operators for the output fields ±l
are
Nˆout,±L = Aˆ
†
out,±LAˆout,±L (99)
and they can be calculated using Eqs. (31) and (34).
The difference between these operators is experimentally
observable and can explicitly be defined as
Nˆout,∆ = Nˆout,+L − Nˆout,−L
= 2κrnˆ∆ −
√
2κr Gˆr + Nˆ
vac
r,∆ , (100)
where
Nˆvacr,∆ = Vˆ
†
r,+LVˆr,+L − Vˆ†r,−L Vˆr,−L . (101)
When we consider the fact that the photon number com-
mutes with the total Hamiltonian following [nˆ
∆
, Hˆtot] =
0, Eq. (90) becomes linear and can be translated in the
Fourier space according to
n˜
∆
(ω) =
∑
s
√
2κs G˜s(ω)
2κ− iω , (102)
and from Eq. (100), the Fourier spectrum of the difference
in photon numbers is found to be
N˜out,∆(ω) = 2κrn˜∆(ω)−
√
2κr G˜r(ω) + N˜
vac
r,∆(ω)
=
2κr
2κ− iω
∑
s
√
2κs G˜s(ω)
−√2κr G˜r(ω) + N˜vacr,∆(ω) , (103)
so that the power spectrum can be determined as
〈|N˜out,∆(ω)|2〉 = 2κr〈nˆΣ〉
ω2 + 4κ(κ− κr)
ω2 + 4κ2
. (104)
Since the shot noise level is 2κr〈nˆΣ〉, it is convenient
to rewrite this spectrum under the following normalized
form
S(ω) =
〈|N˜out,∆(ω)|2〉
2κr〈nˆΣ〉
= 1− ρ 4κ
2
ω2 + 4κ2
(105)
where the parameter ρ ∈ ]0, 1] is defined in Eq. (64). The
spectrum described by S(ω) is an inverted Lorentzian
which qualitatively displays a dip below the shot noise
level close to the zero frequency. It converges to 1 at ω =
±∞, and to 1 − ρ at ω = 0. The parameter ρ therefore
represents a direct indicator of the squeezing efficiency, as
ρ→ 1 leads to quasi-perfect squeezing at zero frequency,
while ρ→ 0 leads to no squeezing at all frequencies. The
case of perfect squeezing would theoretically correspond
to an ideal cavity with null intrinsic losses in the add-
through configuration, since ρ = 1 for κi = 0 [42, 45].
Some squeezing spectra of the photon number difference
with different values of ρ are displayed in Fig. 6, where
they have been plotted as solid lines.
In Kerr comb generation, efficient squeezing (ρ → 1)
is achieved with strong over-coupling (κt  κi in the
add-through configuration, and to κd  κt, κi in the
add-drop configuration). Hence, exactly as for spon-
taneous FWM, ultra-low loss resonators are ideal since
they systematically maximize ρ because κi → 0. Around
1550 nm, the record intrinsic Q factor is 3 × 1011 with
a CaF2 resonator [81]. Intrinsic quality factors of the
order of 109 are routinely obtained with crystalline or
amorphous WGM resonators. Hence, these ultra-low-loss
resonators are therefore idoneous candidates for highly ef-
ficient squeezing, and the technological solutions for their
large-scale fabrication [82], and integration in chip-scale
devices [83] are already available. Finally, it is very im-
portant to note that achieving strong over-coupling in
the output port (κr → +∞) is important not only to in-
crease the efficiency of the squeezing (ρ→ 1), but also to
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FIG. 6: (Color online) Power spectra of pure amplitude
and phase quadratures for different values of the squeezing
parameter ρ. The solid lines correspond at the same time to
the photon number difference spectrum of Eq. (105), and to
the pure amplitude quadrature spectrum of Eq. (137), since
both are identical. The dashed lines correspond to the phase
quadrature spectrum of Eq. (138). Green: ρ = 0.1; Blue:
ρ = 0.5; Red: ρ = 1. We have arbitrarily set κp ≡ 13κ.
increase its bandwidth (κ→ +∞). However, one should
also keep in mind that the pump power Pmin needed to
trigger comb generation will grow as κ2 in this strongly
over-coupled regime [see Eq. (14)], so that an optimal
power vs bandwidth balance has to be found depending
on the targeted application.
VI. SYSTEM ABOVE THRESHOLD:
QUANTUM CORRELATIONS AND SQUEEZING
FOR THE AMPLITUDE AND PHASE
QUADRATURES
For a wide range of parameters (pump power, cav-
ity detuning and dispersion), Kerr combs can be phase-
locked and lead to the emergence of stationary spatio-
temporal patterns which can be extended (rolls) or lo-
calized (solitons). Hence, beside amplitude correlations,
the phase of the optical fields can display strong correla-
tions as well.
These phase correlations at the semi-classical level can
lead to phase quadrature squeezing from a quantum per-
spective. We hereafter determine the linearized input-
output relationship that is needed to track the temporal
dynamics of the modal fluctuation operators under the
influence of vacuum noise. This fluctuation flow will al-
low us to determine some relevant phase quadratures for
rolls, bright and dark solitons.
A. Linearized dynamics of the modal fluctuation
operators
Let us consider a stationary Kerr comb spanning from
l = −K to l = K (total of 2K + 1 modes). The intra-
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FIG. 7: (Color online) Spectra of quadratures with differ-
ent angles ϕ in a Kerr comb close to threshold, where the
3-modes approximation is valid. The spectra are calculated
using Eq. (130). The system is in the add-through configura-
tion with ρ = 0.8. The threshold power is Pth = 2.06 mW and
the pump power is set to P = 1.01Pth and the laser detuning
is σ = −κ. The comb features sidemodes at L = ±18. Pure
amplitude quadrature (dashed black) is not exactly achieved
for ϕ = Φ as expected, but rather for ϕ = Φ + δΦ ≡ Φopt,
where δΦ is an additional offset angle that is generally small.
In this case, we have found δΦ = 0.022. Accordingly, pure
phase quadrature (dotted black) is obtained for ϕ = Φopt+
pi
2
.
The other spectra correspond to the following quadrature an-
gles: ϕ = Φopt + pi/100 (green); ϕ = Φopt + pi/50 (red); ϕ =
Φopt + pi/20 (blue); ϕ = Φopt + pi/10 (pink); ϕ = Φopt + pi/6
(yellow); ϕ = Φopt + pi/4 (gray). Note that once we deviate
from the pure amplitude spectrum, we here have a divergence
at zero-frequency.
cavity modal fields can be perturbed as
aˆl = Al + δaˆl (106)
where Al are the constant complex-valued numbers rep-
resenting the semi-classical stationary states, and δaˆl are
the fluctuation operators.
Then by plugging Eq. (106) into Eqs (42), it can easily
be found that the steady state amplitude of the oscillat-
ing modes obey the set of (2K + 1) nonlinear algebraic
equations
−
[
κ− i
(
σ − 1
2
ζ2l
2
)]
Al + δ(l)
√
2κtAin
+ig0
∑
m,n,p
δ(m− n+ p− l)A∗nAmAp = 0 , (107)
while the noise driven fluctuations are ruled by the fol-
lowing set of equations:
δ ˙ˆal = −
[
κ− i
(
σ − 1
2
ζ2l
2
)]
δaˆl +
∑
s
√
2κs Vˆs,l
+ig0
∑
m,n,p
δ(m− n+ p− l) (108)
×{δaˆ†nAmAp +A∗nδaˆmAp +A∗nAmδaˆp} .
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FIG. 8: (Color online) Spectra of amplitude quadratures as the pump power is increased in a Kerr comb originating from a
roll pattern. Except the pump power P , the parameters of the system are the same as in Fig. 7. The modes ±L of interest are
the first (main) sidemodes of the comb. The solid blue lines stand for the analytical and ideal amplitude squeezing spectrum
provided by the 3-modes approximation in Eq. (137). The red dots stand for the numerical spectra obtained with Eq. (130),
where all the modes of the comb are accounted for [85]. The figures display the best squeezing spectra for the pump powers P ,
oscillating modes ±L, and offsets δΦ listed hereafter. (a): P = 1.01Pth (L = 18 and δΦ = 0.015); (b): P = 1.1Pth (L = 19 and
δΦ = −0.03); (c): P = 1.5Pth (L = 22 and δΦ = 0.1); (d): P = 2.0Pth (L = 24 and δΦ = 0.02); (e): P = 2.5Pth (L = 25 and
δΦ = −0.0025); (f): P = 3.0Pth (L = 26 and δΦ = 0.18). As the pump is increased, the 3-modes approximation becomes less
and less valid, but very efficient squeezing can still be achieved with the fundamental pair of sidemodes.
The above fluctuation flow can be synthetically rewritten
as
δ ˙ˆal =
K∑
p=−K
Rlp δaˆp +
K∑
p=−K
Slp δaˆ†p +
∑
s
√
2κs Vˆs,l ,
(109)
where
Rlp = −
[
κ− i
(
σ − 1
2
ζ2l
2
)]
δ(p− l)
+2ig0
∑
m,n
δ(m− n+ p− l)AmA∗n (110)
Slp = ig0
∑
m,n
δ(m+ n− p− l)AmAn (111)
can be considered as the elements of the (2K + 1)th-
order square matrices R and S, and the driving quantum
noise term
∑
s
√
2κs Vˆs,l represents the sum of all vacuum
fluctuations for a given mode l.
If we introduce the (2K + 1)-dimensional fluctuation
and vacuum noise vectors
δaˆ(t) =
 δaˆ−K(t)...
δaˆ+K(t)
 ; Vˆs(t) =
 Vˆs,−K(t)...
Vˆs,+K(t)
 , (112)
then we can write Eq. (109) under the form of a quantum-
noise-driven linear flow:[
δ ˙ˆa
δ ˙ˆa†
]
= Ja
[
δaˆ
δaˆ†
]
+
∑
s
√
2κs
[
Vˆs(t)
Vˆ
†
s(t)
]
, (113)
where
Ja =
[
R S
S∗ R∗
]
(114)
is a composite (block matrix) Jacobian of order 2×(2K+
1). It should be noted that this Jacobian matrix has to be
determined numerically, since its components exclusively
depend on the steady state values of the semi-classical
modal fields Al.
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B. Dynamics of the quadrature operators
Quadratures operators are observables of particular in-
terest for the study of the quantum properties of multi-
mode fields. They are Hermitian operators that corre-
spond to linear combinations of annihilation and creation
operators, and usually, the relevant linear combinations
can be inferred from the conserved quantities in the semi-
classical limit.
In the case of Kerr combs, it is known that in the
asymptotic limit, the amplitudes of two symmetric modes
−l and +l are equal (|A+l| = |A−l|), and the sum of their
phases is a constant, following
φl + φ−l = Const = 2Φl . (115)
The constant Φl depends on the modes ±l under consid-
eration, but not on the initial conditions. In other words,
once a symmetric pair of modes has been chosen, the sum
of its steady-state slowly-varying phases is a constant of
motion. For that particular pair of mode, the phase ref-
erence can be shifted so that φl = φ−l ≡ Φl, leading to
the conservation law φl − φ−l = 0 with the in frame.
From a quantum perspective, the corresponding two-
modes quadratures are [84]
δqˆϕ,l =
1√
2
(δaˆ+l − δaˆ−l) e−iϕ + H. c. , (116)
with l = −K, . . . ,K. It is therefore interesting to investi-
gate the dynamics of all the quadratures δqˆϕ,l altogether.
For this purpose, we can build the K-dimensional oper-
ator
δqˆϕ =
 δqˆϕ,1...
δqˆϕ,K
 (117)
and from Eq. (116), it is found that the vectorial quadra-
ture δqˆϕ can be rewritten as
δqˆϕ = δqˆ0 cosϕ+ δqˆpi2 sinϕ (118)
where δqˆ0 and δqˆpi2 are the amplitude and phase vectorial
quadratures, respectively.
The dynamics of these quadratures can be obtained
from Eq. (116) as
δ ˙ˆq0,l =
1√
2
(δ ˙ˆa+l − δ ˙ˆa−l) + H. c. (119)
δ ˙ˆqpi
2 ,l
= − i√
2
(δ ˙ˆa+l − δ ˙ˆa−l) + H. c. (120)
with l = 1, . . . ,K. Using Eqs. (113), it can be demon-
strated that the amplitude and phase vectorial quadra-
ture operators obey the closed form Langevin equation:[
δ ˙ˆq0
δ ˙ˆqpi
2
]
= Jq
[
δqˆ0
δqˆpi
2
]
+
∑
s
√
2κs
[
Wˆs,0(t)
Wˆs,pi2 (t)
]
(121)
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FIG. 9: (Color online) Spectra of amplitude quadratures
for different mode of order ±kL in a primary comb of a roll
pattern. The parameters of the system are the same as in
Fig. 7(c) [with P = 1.5Pth and L = 22], except the detuning
δΦ = 0.03 that has been applied to all mode quadratures.
The solid blue line is the ideal amplitude squeezing spectrum
obtained from Eq. (137). The dots stand for the numerical
spectra obtained with Eq. (130) [85]. Red: modes ±L; Black:
modes ±2L; Green: modes ±3L.
where
Jq =
[ <(U+) −=(U+)
=(U−) <(U−)
]
(122)
is a Jacobian block matrix of order 2K, the K-
dimensional matrices U± are explicitly defined through
their complex-valued components
U±,lp = (Rl,p −Rl,−p)± (Sl,p − Sl,−p)∗ (123)
with l, p ∈ {1, . . . ,K}, while the K-dimensional vacuum
noise operators Wˆs,0(t) and Wˆs,pi2 (t) are explicitly defined
as
Wˆs,0(t)=
1√
2
 Vˆs,+1(t)− Vˆs,−1(t)...
Vˆs,+K(t)− Vˆs,−K(t)
+H. c. (124)
Wˆs,pi2 (t)=−
i√
2
 Vˆs,+1(t)− Vˆs,−1(t)...
Vˆs,+K(t)− Vˆs,−K(t)
+H. c. (125)
It is interesting to note that the Jacobian matrix Jq is
real-valued, as it is built with the real and imaginary
parts of the complex-valued matrices U±. This Jacobian
is generally not diagonal, meaning that in a Kerr comb,
all these quadratures are coupled.
Equations (44) and (117) allow to determine the out-
put vectorial quadratures following[
δQˆout,0(t)
δQˆout,pi2 (t)
]
=
√
2κr
[
δqˆ0(t)
δqˆpi
2
(t)
]
−
[
Wˆr,0(t)
Wˆr,pi2 (t)
]
.(126)
The time-domain dynamics of the generic quadrature
δqˆϕ, as well as its output counterpart δQˆout,ϕ are deter-
mined by combining the above equation with Eq. (118).
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C. Correlations and squeezing spectra
The Fourier spectra of the output signals can be deter-
mined using the output correlation matrix. After trans-
lating Eqs. (121) and (126) in the Fourier domain, the
Fourier spectrum of the output vectorial quadrature is
found to be equal to[
δQ˜out,0(ω)
δQ˜out,pi2 (ω)
]
= −√2κr [Jq + iωI]−1
×
∑
s
√
2κs
[
W˜s,0(ω)
W˜s,pi2 (ω)
]
−
[
W˜r,0(ω)
W˜r,pi2 (ω)
]
. (127)
We can use the above equation to determine the 2K-
dimensional output correlation matrix, following
Cout(ω) =
∫ +∞
−∞
dω′
〈[
δQ˜out,0(ω)
δQ˜out,pi2 (ω)
][
δQ˜out,0(ω
′)
δQ˜out,pi2 (ω
′)
]T〉
= {2κρ[Jq + iωI]−1 + I}Cin(ω)
×{2κρ[Jq − iωI]−1 + I}T
+ 4κ2ρ(1− ρ) {[Jq + iωI]−1}Cin(ω)
×{[Jq − iωI]−1}T , (128)
where ρ is the squeezing parameter defined in Eq. (64),
and Cin(ω) is the 2K-dimensional input correlation ma-
trix
Cin(ω) =
∫ +∞
−∞
dω′
〈[
W˜s,0(ω)
W˜s,pi2 (ω)
][
W˜s,0(ω′)
W˜s,pi2 (ω
′)
]T〉
=
[
I iI
−iI I
]
(129)
where I is the K-dimensional identity matrix. It is inter-
esting to note that this input correlation matrix is found
to be frequency independent.
For each sidemode pair ±l, the quadrature spectra are
explicitly defined as
Sϕ,l(ω) = Cout11;(l,l) cos2 ϕ+ Cout22;(l,l) sin2 ϕ (130)
+[Cout12;(l,l) + Cout21;(l,l)] cosϕ sinϕ
where the coefficients are complex-valued coefficients
Coutab;(l,l) with a, b ∈ {1, 2} are diagonal elements of the
K-dimensional matrices Coutab (ω) that are used to write
Cout(ω) in Eq. (128) under the form of the block matrix
Cout(ω) =
[
Cout11 (ω) C
out
12 (ω)
Cout21 (ω) C
out
22 (ω)
]
. (131)
The analytical expression provided by Eq. (130) allows
to plot the spectra of any quadrature for any pair of
sidemodes ±l, regardless of the size of the Kerr comb.
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FIG. 10: (Color online) Spectra of amplitude quadratures
for different mode of orders ±l of the comb from a isolated
bright soliton. The power is set to P = 4 mW, and σ =
−2κ. The same offset δΦ = pi
2
− 0.04 has been applied to all
mode quadratures. The solid blue line is the ideal amplitude
squeezing spectrum obtained from Eq. (137). The dots stand
for the numerical spectra obtained with Eq. (130) [85]. Red:
l ± 1; Black: l ± 5; Green: l ± 10. Gray: l ± 20.
In the next two sections, we investigate in more detail
the squeezing phenomena that can take place in Kerr
combs originating from roll patterns and from solitons.
For all our simulations, we will consider a calcium fluo-
ride (CaF2) resonator with main radius a = 2.5 mm, and
pumped around 1550 nm in the add-through configura-
tion. The intrinsic and extrinsic Q-factors are fixed to
Qint ≡ Qi = 109 and Qext ≡ Qt = 0.25 × 109, respec-
tively, yielding loaded quality factor Qtot = QtQi/(Qi +
Qt) = 0.2 × 109, a full linewidth at half-maximum
2κ = ω
L
/Qtot = 2pi × 0.97 MHz, and a squeezing fac-
tor ρ = Qi/(Qi + Qt) = 0.8. The group velocity in-
dex is ng = 1.43, so that the free-spectral range is
∆ω
FSR
= 2pi × 13.35 GHz. The nonlinear coefficient is
set to γ = 0.001, corresponding to g0 = 2pi × 57.2 µHz.
For simulations in the anomalous dispersion regime (rolls
and bright solitons), the overall second-order dispersion
is fixed to β2 = −12.4 × 10−27 s2/m, which translates
to ζ2 = 2pi × 2.9 kHz. In the normal dispersion regime
(dark solitons), the dispersion parameters are set values
opposite to those of the anomalous case.
VII. SYSTEM ABOVE THRESHOLD:
QUADRATURE SQUEEZING IN ROLL
PATTERNS AND SOLITONS
Rolls are azimuthal Turing patterns that emerge in the
system when the resonator is pumped above a certain
critical value. In the temporal domain, they are charac-
terized by an integer number L of stationary nodes and
anti-nodes of the optical energy in the azimuthal direc-
tion of the resonator. In the spectral domain, they yield
a comb where only the sidemodes of order l = ±kL (k
being an integer) do oscillate. These combs, which are
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FIG. 11: (Color online) Spectra of amplitude quadratures
for different mode of orders ±l of the comb from a isolated
dark soliton. The power is set to P = 5.3 mW, and σ =
−2.5κ. The same offset δΦ = 0.72 has been applied to all
mode quadratures. The solid blue line is the ideal amplitude
squeezing spectrum obtained from Eq. (137). The dots stand
for the numerical spectra obtained with Eq. (130) [85]. Red:
l ± 1; Black: l ± 5; Green: l ± 10. Gray: l ± 20.
sometimes referred to as primary combs, are particularly
important because they are the most robust and stable
patterns that can be obtained experimentally. Bright
solitons, on the other hand, emerge in the system in the
regime of anomalous dispersion, after a sub-critical bifur-
cation. Finally, dark solitons can be excited in the regime
of normal dispersion, and in first approximation, they
topologically connect the (hysteretic) upper and lower
flat states inside the resonator. These various dynami-
cal states have been investigated extensively in ref. [57].
Their spatio- and spectro-temporal representation is dis-
played in Fig. 2. In the forthcoming sub-sections, we
will determine the squeezing spectra for the combs cor-
responding to all these stationary states.
A. Quadrature squeezing in roll patterns with 3
modes
In order to understand the spectra of amplitude and
phase quadratures, it is important to analyze in detail
the case where there are only 3 modes in the comb. As
explained in Sec. V B, such 3-modes combs emerge in the
supercritical case close to threshold, and they feature a
multiplicity L ' √(2/ζ2)[σ + 2κ]. It is useful to recall
that regardless of the initial conditions, the two side-
modes |A±L| have the same amplitude and according to
Eq. (115), the sum of their phases is a constant, following
φL+φ−L = Const = 2ΦL. Without loss of generality, we
can consider in this 3-modes case that the semi-classical
solutions A±L have the same phase ΦL ≡ Φ, i. e., they
are considered identical. It is also noteworthy that close
to threshold, the phase φ0 is a constant that is indepen-
dent from the sidemodes.
In this 3-modes configuration, there is a only a single
pair of amplitude and phase quadratures, namely δqˆ
0,L
and δqˆpi
2
,L
. Therefore, the matrices U± degenerate to
scalars following U± ≡ U±,LL, yielding
U+ = +2g0{|AL|2 sin Φ + |A0|2 sin(2φ0 − Φ)} e−iΦ
U− = −2ig0{|AL|2 cos Φ + |A0|2 cos(2φ0 − Φ)} e−iΦ .
(132)
Accordingly, the Jacobian matrix Jq becomes 2-
dimensional. Interestingly, it already appears that when
the quadratures are rotated by an angle Φ, the value of
U+ becomes pure real, while U− becomes pure imaginary.
In other words, the quadrature δqˆ
Φ,L
is a pure amplitude
quadrature, while the quadrature δqˆ
Φ+pi
2
,L
corresponds to
a pure phase quadrature.
Using Eqs. (116) and (121), it can be shown that the
dynamics of these pure quadratures can be explicitly de-
termined as
δ ˙ˆq
Φ,L
= −2κa δqˆΦ,L +
∑
s
√
2κs Wˆs,Φ(t) (133)
δ ˙ˆq
Φ+pi
2
,L
= −2κp δqˆΦ,L +
∑
s
√
2κs Wˆs,Φ+pi
2
(t) (134)
where the linear coefficients are
κa = −g0|A0|2 sin(2φ0 − 2Φ) (135)
κp = g0{|AL|2 + |A0|2 cos(2φ0 − 2Φ)} (136)
while the noise driving terms are defined analogously to
the quadratures of Eq. (116) using Eqs. (124) and (125).
The normalized spectra corresponding to the pure am-
plitude and phase output quadratures can finally be cal-
culated as
Sa(ω) =
〈
|δQ˜out,Φ(ω)|2
〉
= 1− ρ 4κ
2
a
ω2 + 4κ2a
(137)
Sp(ω) =
〈
|δQ˜out,Φ+pi2 (ω)|2
〉
= 1 + ρ
4κ2a
ω2
[
1 +
4κ2p
ω2 + 4κ2a
]2
. (138)
It can be demonstrated that κa ≡ κ in a 3-modes comb,
and as a consequence, Eq. (137) becomes in fact identical
to Eq. (105). This is explained by the fact that δqˆ
Φ,L
is
a pure amplitude quadrature, which exactly corresponds
to the case of photon number squeezing we have studied
in Sec. V B. On the other hand, the phase quadrature is
characterized by a spectrum that is diverging at ω = 0,
and this divergence is a generic signature of phase noise
spectra. It is noteworthy that Sa(ω) is always smaller
than 1 and does not depend on the modal amplitudes,
while Sp(ω) is always larger than 1, and does depend
on |A0| and |A±L|. Figure 6 displays both the amplitude
(solid lines) and phase (dashed lines) quadratures for var-
ious values of the squeezing parameter ρ, when the other
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parameters are kept constant. As explained earlier, bet-
ter squeezing is ensured when ρ gets closer to 1, which
physically corresponds to strong over-coupling.
The quadratures fluctuations δqˆϕ have been expressed
as a linear combination of δqˆ0 and δqˆpi2 in Eq. (118).
However, after rotation by an angle Φ, they can also be
expressed as a function of the pure amplitude and phase
quadratures as
δqˆ
ϕ,L
= δqˆ
Φ,L
cos(ϕ− Φ) + δqˆ
Φ+pi
2
,L
sin(ϕ− Φ) , (139)
which is just another way to express the fact that we
have a pure amplitude quadrature for ϕ = Φ, and a
pure phase quadrature for ϕ = Φ + pi2 . Therefore, since
the quadratures with phases ϕ 6= Φ,Φ + pi2 are mixtures
of pure amplitude and phase quadratures, their spectra
are expected to have intermediate characteristics. This
phenomenology is displayed in Fig. 7, where the power
spectra Sϕ,L(ω) explicitly defined in Eq. (130) have been
plotted for various values of the quadrature angle ϕ. The
resonator is pumped very close to threshold (in excess of
1%), and in that case, the 3 modes approximation is very
accurate.
It can be seen in Fig. 7 that the pure amplitude quadra-
ture with inverted Lorentzian spectrum predicted by
Eq. (137) does not exactly correspond to the angle ϕ = Φ
predicted theoretically. Instead, amplitude quadrature
corresponds to a slightly different angle ϕ = Φ + δΦ ≡
Φopt, where the offset angle δΦ is generally found to be
small close to threshold. When the angle of the quadra-
ture is slightly detuned from the optimal value Φopt, the
spectra maintain the inverted Lorentzian structure (like
Sa) but feature a sharp divergence at zero frequency (like
Sp). As the detuning is further increased, the spectra Sϕ
loose the inverted Lorentzian structure and start to con-
verge continuously towards the phase quadrature spectra
Sp, which corresponds to ϕ = Φopt +
pi
2 . A similar phe-
nomenology has been analyzed in depth by Gatti and
Mancini in ref. [45] in the context of quantum correla-
tions in hexagonal spatial patterns.
It is interesting to emphasize the physical interpreta-
tion of strong squeezing (ρ → 1) in Kerr combs in the
context of Kerr combs. In ref. [44], Grynberg and Lu-
giato did discuss the physical implication of the two-mode
amplitude-phase squeezing. In particular, they empha-
sized that if one succesfully achieves perfect squeezing
of the photon number difference (N+ − N−), the con-
jugate variable (which is here the phase difference) be-
comes undetermined and “as a consequence, the position
of the rolls [...] cannot be known”, thereby impeding
a “direct” observation of the roll pattern (however, in-
direct detection using correlation techniques might re-
main possible). The authors where discussing the phys-
ical manifestation of two-mode squeezing in the context
of the original Lugiato-Lefever experimental system (spa-
tial patterns, free space signals, etc.): since Kerr combs
translate the problem to a much more controllable en-
vironment (temporal patterns, guided signals, etc.), the
phenomenon of two-mode squeezing could here enable to
explore the phase-amplitude complementarity to a un-
precedented extent.
B. Quadrature squeezing in roll patterns with
more than 3 modes
When the resonator is pumped far above threshold,
the primary comb grows accordingly and features an in-
creasing number of sidemodes. As analyzed in Sec. V A,
squeezing is not guaranteed anymore in the system when
there are more than 3 modes involved. However, the
regime of large primary combs (with 5 modes or more)
is interesting for various reasons. For instance, when the
system is restricted to 3 modes close to threshold, the am-
plitude of the sidemodes is very weak and detection can
be problematic. Pumping the system far above thresh-
old yields significantly more powerful signals. Another
interesting point is that in the super-critical regime, the
higher-order sidemodes (|l| > L) do not appear discontin-
uously: they are in fact always present, even though their
amplitude is extremely small close to threshold. How-
ever, their effect does never completely vanish (for ex-
ample, they contribute to the offset δΦ). It is therefore
pertinent to investigate systematically how the quantum
correlations are affected by these higher-order sidemodes
in a primary Kerr comb.
In Figure 8, we display the best squeezing spectra
for the amplitude quadratures as the pump power is in-
creased from 1.01 to 3 times the threshold for comb gen-
eration. It should be recalled that as the pump power is
increased, the parametric gain bandwidth is shifted out-
wards, and this explains why the mode orders L increase
with the pump (see refs. [16, 17, 57]). When the system
is very close to threshold (P = 1.01Pth), the 3-modes ap-
proximation holds and the numerical simulations provide
results that are in quasi-perfect agreement with the theo-
retical prediction. As the pump power is increased, it can
be seen that there is a deviation from the ideal inverted
Lorentzian profile, but excellent squeezing performance
is still achieved up to P = 3Pth where there are more
than 15 oscillating modes. This results therefore show
that even in the highly multimode regime corresponding
to a resonator pumped far above threshold, very efficient
squeezing is still possible in Kerr combs. It is interest-
ing to note that the spectra and the offsets δΦ are not
invariant, as they depend on initial conditions. This is
explained by the fact that the spectra depend on the
Jacobian matrices Jq, which are built with the complex-
valued modal amplitudes, and which depend themselves
on these initial conditions.
We have also investigated the quantum correlation
properties of higher-order modes in the comb originat-
ing from a roll pattern (modes of order l = ±kL with
k = 2, 3, . . . ). Figure 9 shows that the first order modes
displays very good squeezing as already discussed earlier,
but the spectrum of the second order modes still feature
some weak squeezing in a frequency band were it seems
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that there is excess noise in the spectrum of the funda-
mental pair of sidemodes. Squeezing is numerically found
to be quasi-inexistant for the third order pair, as well as
for the higher orders with k > 3.
C. Quadrature squeezing in bright and dark
solitons
An interesting open point is to determine if squeez-
ing with symmetric pairs of sidemodes is still possible
in solitons. Solitons in WGM resonators do not emerge
super-critically – their amplitude can not be arbitrary
small. As a consequence, they always induce combs with
a large numbers of phase-locked modes.
Figure 10 displays the quadrature spectra for some
modes of a Kerr comb originating from a bright soliton.
It can be seen that there is a certain angle of quadrature
for which the closest sidemode pair (l = ±1) features
very good squeezing, of the order the ideal squeezing of
the 3-modes comb. As the mode order |l| is increased and
the offset δΦ is kept constant, the squeezing degrades and
eventually disappears beyond |l| ∼ 20. The case of dark
solitons is presented in Fig. 11, where it can be seen that
as in the bright soliton case, the sidemode pair l = ±1 dis-
plays good squeezing. However, this squeezing degrades
much faster as the mode order is increased while keeping
the offset phase δΦ constant.
VIII. CONCLUSION
In this article, we have investigated in detail the quan-
tum correlations that are taking place in stationary Kerr
combs below and above threshold, when driven by the
quantum noise associated with vacuum fluctuations.
We have shown that either a canonical quantization
procedure or an Hamiltonian formalism can be used to es-
tablish the quantum stochastic equations ruling the time-
domain dynamics of each mode, and particular empha-
sis has been laid on the two principal architectures that
are routinely used for Kerr comb generation, namely the
add-through and the add-drop configurations.
For the system under threshold (spontaneous FWM),
we have investigated the coupling between the pump pho-
tons and the vacuum fluctuation in the sidemodes, which
is at the origin of parametric fluorescence spectra. We
have analytically determined the main characteristics of
the spontaneous emission spectra, with particular em-
phasis on the lineshape of the individual sidemodes and
envelope of the full spectra. We have explained the con-
ditions under which the sidemodes and/or the spectra
might have one or two extrema. We have also provided
a detailed calculation allowing to determine accurately
the spontaneous noise power emitted per sidemode, as a
function of all the relevant parameters of the system.
For the system pumped above threshold (stimulated
FWM), we have provided insight in relation with the es-
sential commutation properties between the interaction
Hamiltonian and the photon numbers, which allowed to
understand the physical mechanisms leading to photon
number squeezing in Kerr combs. We have then explicitly
defined the quantum Langevin equations ruling the fluc-
tuations of annihilation and creation operators for each
mode, regardless of the number of modes in the comb.
We have shown that this fluctuation flow can be reduced
to a flow of lower dimension, that rules the dynamics of
both amplitude and phase quadratures for each pair of
sidemodes. Our analysis has shown that the reduced 3-
modes model, which is valid close to threshold for roll
patterns, allows for the the exact determination of the
spectra of the amplitude and phase quadratures. These
exact analytical solutions have been found to be very
good approximations even far above threshold for roll
patterns. Squeezing in bright and dark solitons has also
been analyzed as well, for various pairs of sidemodes. The
best squeezing spectra have been shown to be relatively
close to the inverted Lorentzian profile that is predicted
from the reduced 3-modes model. In stationary Kerr
combs driven by quantum-noise, squeezing can there-
fore be obtained regardless of the spectral extension of
the comb, regardless of the dynamical state, and regard-
less of the dispersion regime. Our results also indicate
that a key parameter is the so-called squeezing factor,
which is the ratio between out-coupling and total losses.
Regardless of the architecture of the Kerr comb genera-
tor (add-through or add-drop), strong over-coupling has
been shown to be the always the best configuration for
squeezing purposes.
This work could be extended to the case where non
classical light is generated through second-harmonic gen-
eration [88–90]. New bulk materials, such as aluminum
nitride (AlN), allow for the efficient excitation of both
the second and third order susceptibility owing to their
non-centrosymmetric crystalline structure [91], and they
could be interesting materials for the exploration of
a wide variety of quantum optics phenomena at chip-
scale. The platform of centro-symmetric crystals al-
lowing for ultra-high Q actor is rapidly expanding as
well [92–94], allowing to explore other nonlinear phenom-
ena such as Brillouin and Raman scattering at the quan-
tum level [95, 96].
We have assumed in our investigations that the noise
was exclusively of quantum origin, and was associated
with the fundamental vacuum fluctuations. At the ex-
perimental level, other sources of noise arise [97, 98] as
well, and it is important to account for this technical
noise in order to perform pertinent comparisons between
theory and experiments. Future work will address this
issue, as well deterministic effects such as higher-order
dispersion (which deserves particular attention even for
crystalline materials, see ref. [99]), polarization degrees
of freedom [43, 69], or other experimental imperfections
such as unbalanced detection. The investigation of the
quantum properties of time-dependent solutions such as
soliton breathers is an interesting challenge as well, which
24
can deserve much attention We expect these investiga-
tions to open the way for new applications in the area
of guided quantum optics at telecom wavelengths, and
to provide an idoneous platform for the investigation
of the fundamental properties of light at the quantum
level [100, 101], in general, and for optical frequency
combs in particular [102, 103].
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